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Abstract
Reed-Muller codes were originally introduced by Muller in 1954, then Irving Reed gave a decoding method the 
same year. These codes, of lengths a power of 2, were the first family of codes for which it was pos- sible to de-
code an infinite number of errors. The finite field underlying the Reed-Muller codes is F2 = {0, 1}. By replacing 
this field with the mΘ finite field F2Z = {0, 1, 12Z, 32Z}, the study of Reed-Muller codes on F2Z becomes the mΘ 
Reed-Muller codes. The generalized Reed-Muller codess were intro-duced by Kasami, Lin and Peterson a Weldon. 
They showed that GRM codes are cyclic and thereby determined the minimum distance. The mΘ generalized Reed-
Muller codes were developed by Pemha and Tsimi in 2022. Projective Reed-Muller codes are first introduced by 
Lachaud in 1988 and the dimensions and minimum distances of Projective Reed-Muller codes are determined by 
Sϕrensen in 1991. In this paper, we intend to define and to present a notion of Reed-Muller Projective mΘ Reed-
Muller codes, in oth- ers words the Projective Reed-Muller codes on the mΘ field FqZ, q prime or prime power. 
The nature of the number q will determine the type of Projec- tive Reed-Muller codes. The exact parameters of the 
Reed-Muller Projective mΘ codes are derived and the dual are characterized. It is shown that the Reed-Muller 
Projective mΘ codes are an extension of Projective Reed-Muller codes such that the set of mΘ invariants C (Reed-
Muller Projective mΘ codes) of the mΘ set Reed-Muller Projective mΘ codes is Projective Reed-Muller codes. The 
Reed-Muller Projective mΘ codes are mΘ cyclic and the generator polynomial is characterized.

Keywords: Chrysippian Modal Θ-Valent Logic, mΘ set, mΘ Generalized Reed-Muller Codes, mΘ Minimum Weight, Reed-
Muller Projective mΘ Codes.

Introduction
Projective Reed-Muller codes are a class of linear error-correct-
ing codes, con- structed from Reed-Muller codes, and having 
interesting properties in terms of minimum distance and di-
mensionality relative to the code length [8, 10]. Classical Reed-
Muller codes are defined over affine vector spaces, while the 
projectively normalized versions are defined over projective 
vector spaces [7, 9]. This projective normalization allows for 
some improved characteris- tics of the codes.

The main properties of projective Reed-Muller codes are: Better 
minimum distance than affine Reed-Muller codes of the same 
dimension and length; higher dimensionality than affine Reed-
Muller codes of the same length and rich algebraic structure en-
abling in-depth mathematical analysis [11].

The purpose of the paper is to: provide an explicit construction 
of Reed- Muller projective mΘ codes and derive their funda-
mental parameters, such as their dimension and minimum dis-
tance; investigate the algebraic prop- erties of these codes, in-
cluding their automorphism group and compare the performance 
of these projective mΘ codes to classical Reed-Muller codes.

This paper recalls, in section II, the Generalized Reed-Muller 
Codes by its generator matrix over GF (qm, r) and the canonical 
construction of modal Θ-valent fields, modal Θ-valent pseudo 
fields as defined in [1]. Section III gives exact definition of mΘ 
Generalized Reed-Muller Codes. The parame- ters of Reed-
Muller Projective mΘ codes are characterized in section IV. It 
is shown that a subclass of Reed-Muller Projective mΘ codes is 
mΘ cyclic.
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Preliminaries
      The Modal Θ-Valent set Structure and the Algebra of
(FpZ, Fα)

Definition 1. [2, 3] Let Me be a non-empty set, I be a chain whose first and last elements are 0 and 1 respectively, (Fα) αEI* where 
I* = I \ {0} be a family of applications form E to E.
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Conclusion
In this paper, we have presented a modal Θ-valent approach of 
the Reed- Muller Projective mΘ codes. The construction of the 
parameters of these codes requires the notion of a mΘ General-
ized Reed-Muller Codes, chrysip- pian mΘ representation of GF 
(pZ, r), the classical theory of Projective Reed- 

Muller codes. The length of Reed-Muller projective mΘ codes 
grows expo- nentially with the code order m, allowing for the 
construction of very large codes; this makes them interesting 
candidates for applications requiring high storage or transmis-
sion capacity. The high minimum weight of Reed-Muller pro-
jective mΘ codes gives them good error detection and correction 
capabil- ities; This makes them robust to perturbations and suit-
able for applications sensitive to errors.

While their parameters are attractive, Reed-Muller projective 
mΘ codes do not always achieve the best coding performance 
compared to other code fam- ilies; a tradeoff may sometimes 
need to be made between performance and complexity.
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