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Abstract

The linearization approach is used in this contribution to acquire the answers to the variable frequency oscillator equation
as well as the modified Ivey's equation. Differential forms (DF) and the generalized Sundman transformation (GST) are
two linearization techniques that are considered. It is found that the modified Ivey's equation cannot be linearized using
differential forms, while the equation for a variable frequency oscillator can. However, using GST, the modified Ivey's

equation can be linearized.
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Introduction

In the past few decades, nonlinear oscillators have drawn a lot
of attention from engineers because they are crucial modeling
tools in the biological and physical sciences. The models' capac-
ity to synchronize with other oscillators or with outside driving
impulses makes them fascinating. These synchronization skills
are however constrained, and it is not always simple to pick the
model parameters effectively to achieve proper synchronization
with the external driving signals [1]. In fact, an oscillator has
a finite entrainment area that depends on a variety of factors,
including the coupling efficiency and the frequency difference
between the oscillator and the driving signal.

In electronics, a variable frequency oscillator (VFO) is an oscil-
lator whose frequency may be tweaked, or varied, throughout
a certain range. It controls the frequency to which the device is
tuned and is a necessary component in any tunable radio trans-
mitter or receiver that operates on the superheterodyne principle.
The variable frequency oscillator equation and the Ivey's equa-
tion under consideration here are second-order nonlinear differ-
ential equations. For the thorough comprehension and precise
prediction of motion and deformation, nonlinear ordinary dif-
ferential equations (ODEs) have been employed extensively in
many fields of physics and engineering [2]. They are also crucial
in mechanical and structural dynamics. Numerous academics
have expressed interest in studying nonlinear ODEs, and numer-
ous solutions have been put forth.

Linearization via differential forms was put in place by authors
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like [3, 4, 5]. Also, linearization through the generalized Sund-
man transformation was first considered by where the Laguerre
form was considered. Later, treated the non-Laguerre form of
linearization via the GST [6, 7]. This procedure was used by
to linearized a class of Lienard equations [8]. The Emden dif-
ferential equation was also solved via the generalized Sundman
transformation by [9]. The two approaches were jointly applied
to linearize the spheres of gaseous stability equation by [10].

Linearization of Variable Frequency Oscillator Equation via
Differential Forms

The technique of differential forms entails that the general sec-
ond order nonlinear ordinary differential equation

Y'=fxyy)

should necessarily be in the form

y'Hfo+fiy'+ oy + fiy2=0,

and the coefficients fo, fi, f>, and f3 must satisfy the conditions

1
Jow ™I (o= 250 T2 foy o So ¥ 3 (oo 20, P11 211,,) =0,

and

1
Lol o KD TSy W3 Ny 26 T 2000110, =0
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Once the conditions in equations (3) and (4) are satisfied, we
proceed to construct a 3%3 matrix

M=Pdx+Qdy
where
w2 3 3% +36k
P=(3)| 0 £ 2f—fy-30uh|
-3 0 i
W[ 0 2h, o +30A)]

2f; 3fsx =34 [

=035 2

and solve the equation

dr=Mr,
u
where r = | V' | for the three components of r; a special solution
W

is usually enough. We can also construct

Next, we construct the 2x2 matrix

~ [(2K — fi)dx — Ldy

7 fodx + Kdy
a —Ldx — fydy

Kdx + (f, — 2L)dy]|’

and solve for R from

dR=ZR,

Fy

where R = [Fy I = [':_] Finally, we solve

dF=[dx dy] R,

the two independent solutions will be taken as F and G. Note that
F and G are the invertible change of independent and dependent
variables that will map the nonlinear equation (1) into a linear
equation

,
[&]
=G

_:D_-

=R
=]
(&)

where X = F (x,y) and Y = G(x,y).

The variable frequency oscillator equation was considered by
where a new characterization of Sundman linearizable equations
in terms of the coefficients of ODE and one auxiliary function
was given [11]. The general solutions for the first integral were
also obtained explicitly. It is important to note that, the vari-
able frequency oscillator equation can be linearized through the
Laguerre form of the generalized Sundman transformation for
the case ;= 0,f,= 0. We will use the method of differential forms
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to linearize this same equation.
This equation is given as
y"+yy™=0,
with the coefficients as in equation (2); f,=/,=f,= 0, f,= y satis-

fying the linearizable conditions (3) and (4). Construction of the
matrix M from equation (5) gives

—=dy 0 0
2y
M= —d 0
3 )
—dx dy —Zdy

so that equation (6) is now

¥y
—U=d
3 ¥

2
dr = 3 Vydy

W
_—de + Vdy — Eydy_

Setting /=0, we have

dU = —Zydy, dV = 0, dW = —Udx — 3 ydy,

so that
¥ W
u=0 U=-U=z, W=-U W=-—w
3 3
Now, W _ _ £ay which implies that W = e_%a{x},
ot 3

for some function a (x). But 7 = —py = ﬂ’(x}e-lﬁ,% using the

special solution a (x) =x, we have [J = —e _% V=a,

. . , 1
W =x E—:'?. Therefore, equation (7) isnow K = — P

and L=0, and the matrix Z becomes

2 %
—| =x x
Z= dox .
0 —— +ydy
x

Then, one has from equation (8) that

2b cdy
—_— — x —_— —
X x
dR =
dx !
—c— + cydy
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and

2b cay
dbh = —Zdxy — 2L
X X

dx
de = ¢ (—
X

Integrating equation (13), we have

+ yd}f).

¥
c=—g2,

= | =

where k=e* is a constant.
Now, we see from equations (12) and (13) that by = — .

b
o

by =

wln

&
» €y = —_ andcy =cp.

One also notices that, b y=c x, and therefore,

2

2 ¥
, = —kx ez,

On integration, we have

b _ —k \,"1’?\,"5 er'f (:'-: } +

2x3

g(x),

where erf (:Tz—] is the error function.

Differentiating equation (15) with respect to x, one sees that

k\-"_\""_erf(f,._)

2
b, = +g (x).

]

The other expression for b_x is known to be

i’f\."'i‘?m"ié‘l"f I:EE} 2g (x)
xd x

b, =

We now compare the expressions for b_x and have the linear
differential equation of first order

' 2
g(x)+-g(x)=0.
The integrating factor of the linear differential equation (18) is

m
x2, and the solution of the equation is now g (x) = —z» where
m is another constant.

Substituting this expression of g(x) into equation (15), we have

_k-.,.-"-r?-.,.-'z_er'f I:'-:':E} " m

b = - -
2x4 x=
T Z erf (l) k ¥?
Thereforeb:jrx:i_ﬁ.kﬂ_ and € =F, =-ez,
2x? x? x

sothat dF = [dx dv] [i]
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becomes

_ y 2
dF:(M f)dx+(£eyz )r:iy.

2x°

Integrating equation (20), we have
\-'?\-"E_ET,I'- o
F k(—(r}) —m (2)
X X

Therefore, we take

ol \E\flz_erf(%)
x’ x

to be the linearizing point transformation. With the transforma-
tion ¥ = e; X + €2, one sees that \/7./Z erf (L_) =c, +cyx
V2

is the solution of the variable frequency oscillator equation.
This solution is in line with the one obtained by [11], where the
two-parameter family solutions of equation was obtained to be

erfi (\%) =X+ 62 where erfi(y) = ui% J -
u]

is the imaginary error function. One sees that our method of dif-
ferential forms eliminated the complexity associated with the
error function.

Linearization of the Modified Ivey’s Equation via the Gener-
alized Sundman Transformation

A generalized Sundman transformation is a non-point transfor-
mation defined by the formulae

u(t) =F(x.y). dt==0G(xy)dx, FEG=0.

The requisite form of a linearizable ordinary differential equa-
tion (1) that can be translated into a linear ordinary differential
equation

u +pu +au=y,
through the transformation (23), is given by

, 3 .
y +fy +hHy +f=0,

where a(7),(¢) and y(f) from equation (24) are some functions.

Consider the case f;# 0 and f;# 0, where fi=hy —2fn o =
2fIJ]Jy - erlry + Zf—ufzy - f]ylr] + 2flJyfd +2f2xx

and

ﬁi :rEJ:x +lr£xlr] +ﬂix+lr]ﬁ'

For the equation (25) to be linearizable by (23), the sufficient
conditions are that:

”:'
f‘ _zm ||rl.||r‘i
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féxry = _f!ryf] _firy - fox - zfdxfi _fiiyfl + (fiyfﬁ)ﬁ_]x

= _ﬁixx _f]x.ﬁdx _f]x.ﬁi + fdxf]z +

.ﬁ’xxx

fifi—2f + i f(fa + ).

and
fif s (6foy fox + 2focy fo + 4o fofa + 2f3 fo +
dolofs + ifs) — 3 (6f5cfo + 125 fifs -
6foyfs +6fufi)— fifs —2fi =0.

One obtains the functions F and G by solving the following
equations:

E =0,
, = Fy Gy ﬁ;fg ﬁ,.tr'!
G, = G (fax +JE.JL+I:1.=}’
G, = t;.l&l.'f;:#x}_

The constants from equation (24), a,f and y are determined from
the equations below:

(s . 4 | =i,
g = [-"i]_.*fﬂ::'ﬂ vfo

¥

—_ II":.T+II":III-|.
= cz

B

_aFGi=Fyfy

The general Ivey’s differential equation is given as
w1 a2 2 -
S s

. . 2
and the coefficients f, = ky*, fi = =

does not satisfy all the linearizability conditions (26), (27), (28)
and (29), and hence it is not linearizable using the generalized

Sundman transformation.

On a check, one discovers that the modified equation

y’ —i}"z +yy =0,
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with xy = 2, k = 0, is linearizable. The equation (38) is in the
form of equation (25) with the coefficients

fI.I:D!

fz:_i-

L=y
: y

Weseethat f3=1%0, fy=—-y, f=y=0.

Since fsy=1%0 and fs =¥ #0, we consider the case
f3#0, f5 # 0. Next, we test the linearizability conditions
(26), (27), (28) and (29). On a check, one sees that all the con-
ditions are satisfied. Since all the linearizability conditions are

satisfied, we proceed and solve equations (31), (32) and (33).

Obviously,
GE, FG

_ ¥ y

We take the solution ' =y, G = y which satisfies F.G, and G,
We now obtain the transformation u = y, dt = ydx.

Next, we find the expressions for ¢,/ and y as given from equa-
tions (34), (35) and (36) respectively. One sees that
f=1

a=0, y =0,

and we have from equation (24) that

u +u =0
The characteristic equation of (39) is ¥* + = 0, which im
plies that y = (0, r = —1. One now have the general solution
tobe U =¢; + ;e ", where c,, ¢, are arbitrary constants.

Applying the generalized Sundman transformation to the modi-
fied Ivey’s equation, we see that

t = ¢(x),

}F(IJ =0 + CEE_IJ

sothat y(x) = ¢; + c2e P} where t = ¢(x) asolution

of the equation j_‘ =c, + et
X

Conclusion

The variable frequency oscillator equation and the modified
Ivey's equation are two nonlinear ordinary differential equations
that are taken into consideration. Differential forms (DF) and
the generalized Sundman transformation (GST) were used to
linearize the aforementioned equations. It was discovered that
the non-Laguerre form of GST can linearize the modified Ivey's
differential equation, but that DF cannot. Additionally, the dif-
ferential forms (DF) and the Laguerre-form of the generalized
Sundman transformation, in the case when f,= 0, f,= 0, allow for
the linearization of the variable frequency oscillator equation.
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During the linearization procedure, the general solutions to the
two nonlinear differential equations were also discovered.
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