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Abstrcat

.

The technique used here emphasizes pivotal quantities and ancillary statistics relevant for obtaining statistical pre-
dictive or confidence decisions for anticipated outcomes of applied stochastic models under parametric uncertainty
and is applicable whenever the statistical problem is invariant under a group of transformations that acts transitively
on the parameter space. It does not require the construction of any tables and is applicable whether the experimental
data are complete or Type Il censored. The proposed technique is based on a probability transformation and pivotal
quantity averaging to solve real-life problems in all areas including engineering, science, industry, automation &
robotics, business & finance, medicine and biomedicine. It is conceptually simple and easy to use.
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Introduction

Statistical predictive or confidence decisions (under parametric
uncertainty) for future random quantities (future outcomes, or-
der statistics, etc.) based on the past and current data is the most
prevalent form of statistical inference. Predictive inferences for
future random quantities are widely used in risk management,
finance, insurance, economics, hydrology, material sciences,
telecommunications, and many other industries. Predictive in-
ferences (predictive distributions, prediction or tolerance limits
(or intervals), confidence limits (or intervals) for future ran-
dom quantities on the basis of the past and present knowledge
represent a fundamental problem of statistics, arising in many
contexts and producing varied solutions. The approach used
here is a special case of more general considerations applicable
whenever the statistical problem is invariant under a group of
transformations, which acts transitively on the parameter space
[1-11].
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Two-Parameter Exponential Distribution

Let Y =(Y1<...<Yn) be the first m ordered observations (order
statistics) in a sample of size h from the two-parameter exponen-
tial distribution with the probability density function

ﬁ;(y)=9"exp[—?} 9=0, =0, N

and the cumulative probability distribution function

e —

ﬁ,ty)=1—exp(—%’]. F;ty)=1—f:,(y1=exp[—";”}

2
where p =(v,9) is the shift parameter and 3 is the scale param-
eter. It is assumed that these parameters are unknown. In Type
IT censoring, which is of primary interest here, the number of
survivors is fixed and Y is a random variable. In this case, the
likelihood function is given by
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) —exp( [Z 5, -0)+ (b-m)(y, —u)}/}

L©.9) = Hf(y(
:—exp( {i}/ D +(h m(y, - y,+y;—u):|/.9]
1

l 71‘1(y,—v) 1 5w l 71'.'(5,—0)
xlgexp[ g J-Sm_lexp[ SJXSGXP[ 3 ]

3)
Where
s=(s,=}; m=m(1; Y )+ (h-m(Y, Y]]

4)

i=
is the complete sufficient statistic for p. The probability density
function of S = (S1, Sm) is given by

‘ln_l exp[—s’”]x ! exp[—h(sl 7U))
£,(s.5) = 9 2) 8 s

1t h h(s —v)
q.,?)‘"[‘—s Jf’% )

L e
rm-na™" "

Where
h h(s —
f(s )=§exp[—%]. szo, ®
1 s
f, = _§"° 21, =0. 7
.‘J(Sm) l"(m—l]Sm'l m exp[ .9 ] ‘sm z ( )
S —v

W= 3 (8)

is the pivotal quantity, the probability density function of which
is given by

£ (v) = hexp(~hv,). v =0, 9
S,

= 10

= (10)

is the pivotal quantity, the probability density function of which
is given by

L(va)=

1 2
exp(—v_ ), =0. 11
PR A A (11

Adequate Mathematical Models of Cumulative Distribution
Functions of Order Statistics for Constructing One-Sided Toler-
ance Limits (Or Two —Sided Tolerance Interval) in New (Future)
Data Samples Under Parametric Uncertainty

Theorem 1. Let us assume that Y1< ... <Yn will be a new (fu-
ture) random sample of n ordered observations

from a known distribution with a probability density function

(pdf)
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f ) (Y), cumulative distribution function (cdf)

Fp (y), where p is the parameter (in general, vector). Then the
adequate mathematical models for a cumulative probability dis-
tribution function of the kth order statistic Ys, K€ {1, 2, ..., n},
to construct one-sided Y — content tolerance limits (or two-sided
tolerance interval) for Yk with confidence level B, are given as
follows:

Adequate Applied Mathematical Model 1 of a Cumulative Dis-
tribution Function of the kth Order Statistic Yk is given by

Fin)

[
0

Yilm= Z[ ][F )V 1= F, (y 1" 12

In the above case, a (y, § ) upper, one-sided Y— content tolerance

i limit with confidence level B can be obtained by using the fol-
lowing formula:

£,
E{P{ I fﬁn—*—l(’)d"zj’]}=E{Pr(%[lﬂs Hlnzr)=p. (13)
Where

=% e (k) 14
£ .0 B(k,n—k+1)rj (1-n) , 0<r<l, (14)

is the probability density function (pdf) of the beta distribution
(Beta (k,n—k+1)) with the shape parameters k
and n— k+1.

Proof. It follows from (12) that

Faly)

d
dy | e Odr= =B (< 0 15)
k0 k
This ends the proof.

A (Y, B ) lower, one-sided Y-content tolerance limit with confi-
dence level B can be obtained by using the following formula:

E )
I £ (W)duz }’] =p (16)

0

E{Pr(g,(); >_y:'|n)2;f}}: E{P{l—

A (y, B ) two-sided Y — content tolerance interval with confi-
dence level B can be obtained by using the following formula:

[ar’g(E{Pr(}?,(}; ALY :ﬂ]4 a{g(E{pr(g,(}; SALEY = ,3]]

E AT
{a:g[ﬁ{n[ | fpaar<1- y]} ﬁ], arg[E{Pr[ f £, k_](r)dr>;v]] ﬁ”
¥ ) A []

=[] an

Adequate Applied Mathematical Model 2 of a Cumulative Dis-
tribution Function of the kth Order Statistic Yk is given by

| findr=B <y, |n= ZU[F,,()(,)]J 1= £, (y 1" (18)

1-F, (%)

In the above case a (v, P ) upper, one-sided y — content
tolerance limit ¥ with confidence level B can be obtained
by using the following formula:

E{Pr[ j' £y (Ddrz y}— E{Pr(,ﬂ;(}i <y |_n)2:y]}}_ﬁ_ (19)
A
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Where

1
f u) =
.ra.u( ) B

plakeelg ket p
(n—k+1,!{) ( ) e

L 0<r<l, (20)

is the probability density function (pdf) of the beta distribution
(Beta (n—k+1, k)) with the shape parameters? k+1 and k.

Proof. It follows from (9) that

d | d
- F S [r)drz_}?,[}; <yl (21)
dy, £, () dy,
This ends the proof.

A (Y, B ) lower, one-sided ¥ — content tolerance limit with con-
fidence level B can be obtained by using the following formula:

E{Pe(P (5> 5 |n) zy)}=E{Pr[1 [ (r)drzrﬂw. (22)

-E, ()

A (Y, B) two-sided y — content tolerance interval with confi-
dence level P can be obtained by using the following formula:

[a;g[E%Pr(m =it 10z7)|=p). aglEpr(R <) 10 Zr)}=ﬂ)}

=[ar}g[E[Pr[ j ﬁ,_“”(r)dr<1y]]=ﬁ], a{g[E{P{ .IF . fn_*+|.*(r]dr>y}=ﬂﬂ
X 1-E,(3f) K’ -5, 041

=[] @3)
Adequate Applied Mathematical Model 3 of a Cumulative Dis-
tribution Function of the kth Order Statistic Yk is given by

n—k+1 Fly)

& L-F,(n) n
| Gria@dr=B % <y |n) =Z[j,]m(yk)1f 1= £,y @4

o J=k

In the above case, a (y, B ) upper, one-sided Y — content tolerance
limity¥ U with confidence level B can be obtained by using the
following formula:

kil £ ()
ST

Elpr [ g drzy = EPe(B5 <y 10 27)| =4, @)
]
where
k k-1
1 n—k+1' k
= , 0,), 26
Prraa(F) B(k.n—k+1) | k ! p—k+1 re0m) @)
+
n—k+1

is the probability density function (pdf) of the F distribution (F
(k,n —k +1)) with parameters k and n—k+1, which are positive
integers known as the degrees of freedom for the numerator and
the degrees of freedom for the denominator.

Proof. It follows from (13) that

n—k+l F, (%)
EO1-E ()
d ! d
— wpu (Ddr=—P (Y, <y, |n). (27)
& _! Prnin dy, A

A (Y, B) lower, one-sided Y — content tolerance limit with con-
fidence level B can be obtained by using the following formula:

Akl £ UA)
K OLE )

E{Pr( J,(}"k)y“n)z;f)}:ﬁ' prji- |

0

Pron-in1 (r)dr= V= }5‘ (28)

A (v,B) two-sided y — content tolerance interval with confi-
dence level B can be obtained by using the following formula:
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(s (E{re(2.0,> 110 27)}= ). g Efpe(20 < 1921)) 5|

okl F, ()
b O-E ()

=|em £ ]

nkil B4
AT

Pupan@drsloy 1=p| ag Bl [ g (0drzy =8
Y o

[ ] )

Adequate Applied Mathematical Model 4 of a Cumulative Dis-
tribution Function of the kth Order Statistic Yk is given by

« 0 (0
Poimrs(Ddr=P (Y, <y, |n) =Z{ _}[F,,(_Vk]]r 0-F,(y1"". (30)
& I-E(n) i)
kel B, ()

In the above case, a (y, [3) upper, one-sided Y — content tolerance
limity? U with confidence level B can be obtained by using the
following formula:

=
By |

£ =R U5

kil g )

Prras ey | b= BIPe(B (Y, <34 [ 1) 2 )} = 5. @

where
-k
n—k+1 n—k+l
k k
B(n—k+l.k)l: n—k+1 ]’““
— I
k

Ppprs (D) = re(0,%), 32)

1+

is the probability density function (pdf) of the beta distribution
(Beta (n—k+1, k)) with the shape parameters? k+1 and k, which
are positive integers known as the degrees of freedom for the
numerator and the degrees of freedom for the denominator.

Proof. It follows from (30) that

4
dyt ko 1-E i)

-kl F, ()

gan—h—l.k

d
(r)dr=EP,’,(ljsykln)- 33)
K

This ends the proof.

A (y,B)lower, one-sided 7y — content tolerance limit with confi-
dence level B can be obtained by using the following formula:

E{Pr|1- s Ddrzy = EPe(B (%> yi 10 2y)| = (34)
k=R
-k+l F (3]

A (y, B) two-sided y — content tolerance interval with confidence
level B can be obtained by using the following formula:

{a{g[sgpr(g(g Sl zy)}=ﬁ]< arlg[E{Pr(}j,(Y‘ < n>y)f =,0]}

[ Crinidrzy =5
¥ =R
aktl E )

:[y;, y,f']. (35)

=|arg| EqPr J
" PR A
kil F ()

Oy gy (Ddrsl-y |p=p | arg| £ Pr
"

Adequate Mathematical Models of Conditional Cumulative
Distribution Functions of Order Statistic for Constructing
One-sided Tolerance Limits (or Two-sided Tolerance
Interval) in New (Future) Data Samples Under Parametric
Uncertainty

Theorem 2. Let us assume that Y1< ... <Yn will be a new
(future) random sample of n ordered observations
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from a known distribution with a probability density function
(pdf) fp (y), cumulative distribution function (cdf) F . (y), where
p is the parameter (in general, vector). Then the adequate
mathematical models for a conditional cumulative distribution
function (ccdf) of the Ith order statistic Y], /€{2, ..., n}, to
construct one-sided y — content tolerance limits (or two-sided
tolerance interval) for Y] (1 < k <1 < n)), given Yi=yi, with
confidence level B, are determined as follows:

Adequate Applied Mathematical Model 5 of a Conditional
Cumulative Distribution Function of the Ith Order Statistic Y]

is given by
B - s
70 ok (p—k Em[TEm]
fra s (dr= B (G < 5 ¥, = yi) = ( . ]17—” S F o o
| fones P =rin= 2T | B

In the above case, a (y, B ) upper, one-sided Y — content tolerance
limity¥ U with confidence level B can be obtained by using the
following formula:

B [ @z L= E{pr(B < 1 = yin 2 7)) = 5. 61

where F,(2) =1 F,(2),
r}fkf] (] — r)(nfh»l)fl

L O<r<l,
B(I—kn-1+1)" = ° 9

f;mmm (r)=

is the probability density function (pdf) of the beta distribution
(Beta (I —k,n—1+1)) Ik and n—[+1. with shape parameters /—k
and n—/[+1.

Proof. It follows from (36) that

LB
d Fy (5) d
- TR (r)dr:—]?,(}’,'iyj Y, =y.n). (39)
dy, dy,
This ends the proof

A (y, B ) lower, one-sided y — content tolerance limit with
confidence level B can be obtained by using the following
formula:

Elpr|1- J' £ a(Ddrzy :E{Pr[.ﬁl(Y,>yf|Y*:yk;n)2y)}:ﬁ. (10)

A(y, P ) two-sided y — content tolerance interval with confidence
level B can be obtained by using the following formula:

{a;g[E{Pr(e.(z >V % = yan 27 )| = B), a;,g(E{Pr(&tY. Sy,”ln)zy]}=ﬁ]}

y o
Fuh A

Faln) Eain)

=larg| EPr| [ f,, . (dr<i-y =], arg| £\ Pr [ fvnmldrzy | 1=5
o ; o

q

:[yf_y,”]. (41)

Adequate Applied Mathematical Model 6 of a Conditional
Cumulative Distribution Function of the Ith Order Statistic Y1
is given by

' w(n-k\ Em[Ewm]™
£y (Dd :Pp Yyl =ysn= . 1-== = f (42)
B Q= B0 1% = yiin) Z[ j j{ E,(y,})} )

Foim)

In the above case,a(y, B ) upper, one-sided y — content

Page No: 04

tolerance limit with confidence level  can be obtained by
using the following formula:

Bl [ £ Wdrzy (b= BB 2 1Y = yim )= . (43)
A

Eitn)
where F,(y) =1-F, (y),
[ln-m]—l - r){—l—l

. 0<rel
B(a-ts1i-k) 'F @

£ ()=

is the probability density function (pdf) of the beta distribution
(Beta (n — 1 +1, 1 — k))? with shape parameters n—1+1 and 1-k.

Proof. It follows from (42) that

(45)

L

d d
— | o Ddr=——B (% <y Y, = yin).
dy, Elu dy,

This ends the proof.

A (v, B ) lower, one-sided y — content tolerance limit with

1
E{Pri1= [ £, ,(Ddrzy | =E{P(B (¥ >y | = i) z7)| =4 (46)
L)
» Ll

5

A (y, B) two-sided y — content tolerance interval with confidence
level B can be obtained by using the following formula:

[a;g[E{Pr(E,(Y, >y 1% =y z )= B). a;g[E{Pr(Pﬂ(Y;ﬂﬁ 1% =yin 2 )} =ﬁ']}

I

b Wdr<i=y |p= B | ag E\Pr| [ £, (Ddrzy |i=p
# (o

Cl

1

=|arg| £{Pr _[
4 [
Em

= 0F
E(5)

=[s A (47)
This ends the proof

Adequate Applied Mathematical Model 7 of a Conditional
Cumulative Distribution Function of the Ith Order Statistic Y1
is given by

n—rﬂ[l_f_ﬁ,iwl i
-k { f_'L(_le‘./ Faty)

fi i (D dr= E)(Y: sylY=ysn

_ i[n—k] _EWTEm]™
T\ J E, (y) E,(v)

In the above case, a (y, B ) upper, one-sided y — content
tolerance limit ¥/'with confidence level B can be obtained by
using the following formula:

(48)

mu‘ AU IR AT
AN }_',‘l)',J‘\’." E, ()

E|Pr | fppm@drzy =B Y= yim 2p)} =5 49

o

where F, () =1- F, (4,

-k { J—Iklr}
_ a-1+
s =5 itlm] e re0o, (50)
' [l+ r]
n—1+1

is the probability density function (pdf) of the F distribution

www.mKkscienceset.com
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(F

— k,n —1 +1)) with parameters I-k and n—I+1, which are

positive integers known as the degrees of freedom for the
numerator and the degrees of freedom for the denominator.

F(y,
Eom)

n{—l]
ik |

]#Ft

d)’ { J-

o

#l

d
I—k,n—1+l [r)dr:—}i’,(}’, sylY=y:n.
dy,

(51)

A (v, P ) lower, one-sided y — content tolerance limit with
confidence level  can be obtained by using the following

formula:

aerlf |
el TRGa)f

E{Pr|1-
0

Fof)/

[
AN

fimenWdrzy (= EP(B (0> ¥ | Y= yin 2p)|= 8. (5

A(y, B) two-sided y — content tolerance interval with confidence
level B can be obtained by using the following formula:

e B 0N f E, ()
A ATA Y AT
arg| E{Pr bopprn (Ddr2l—y [y =f 1,
i3 i
= =yt . (53)
-t _F;‘[)ﬁ‘]\ TE [Yf )f,U]
=k By )
ayrpg E{Pr J' by (Ddrzy |y =p
T o
This ends the proof.

Adequate Applied Mathematical Model 8 of a Conditional
Cumulative Distribution Function of the Ith Order Statistic Y1
is given by

f I+1.0-k, (r)dr =

o
F}tw)]

Fo(n))

B<ylY =y:n
-k B Jf
n-}+|f“~j\ty‘},/f |_l_

=§(u—kjl EmTTEW]T™
J=i-k J 1_: () F;q(zk)

In the above case, a (y, B ) upper, one-sided y — content
tolerance limit ¥/ with confidence level B can be obtained by
using the following formula:

(54

E{Pr o Bdrzy (= Bler (B0 < | = yun =)} =5 69
lkFl)'J Fipl
flﬁtv)f\ Ftv)l
where F () =1-F, (),
kot
1—k [ I—Iklr}
f )= n=1+1 a-lt . 0, 56
s (1) BU—kn—+1) PREE re(0.%) (56)
r
n-1+1

is the probability density function (pdf) of the F distribution
(F(n—1+1,1-k)) with parameters n — 1+1 and 1— k, which
are positive integers known as the degrees of freedom for the
numerator and the degrees of freedom for the denominator.

Proof. It follows from (54) that
d T

d
pr LAy (f]df—d—F(Y<)’,|Y RATN (57)
Wi 1w B P(nJ i

a-141F, (nl,r‘ \l Ey(m)
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This ends the proof.

A (v, B ) lower, one-sided y — content tolerance limit with
confidence level B can be obtained by using the following
formula:

E{Pr{1-

[RRATGN AN
A=l E () [ F,.t.v.lJ

Lo drzy = EP(B (> 5 K=y zp)|=p. 68)

A (v,B) two-sided y — content tolerance interval with confidence
level B can be obtained by using the following formula:

[aig[E{Pr(Pﬂ(Yr >y Y= yan zp)| = B), ‘*’,B(E{P’(Pr(”nﬂﬂ <Y 1% = yan 2 7)) =ﬁ]]

arg| E{Pr fpg (Ddrl=y [r=F |,
% e Bub [ Eob)
urw/ E (n) |
_ =[] (59)
arg| E{Pr L drzy |p=f
-k B,y
W,y

This ends the proof.

Two-Parameter Exponential Distribution

Let Y = (Y1 < ... < Ym) be the first m ordered observations
(order statistics) in a sample of size h from the two- parameter
exponential distribution with the probability density function
£(n=9" exp[—y;uj, 9>0, v=0, (60)
and the cumulative probability distribution function
E,(y)ﬂ—exp[—%]‘ E(}f)ﬂ—ﬁ,(y):wp(—y;;]. (61)

where p = (v,3), L is the shift parameter and 3 is the scale
parameter. It is assumed that these parameters are unknown. In
Type II censoring, which is of primary interest here, the number
of survivors is fixed and Y is a random variable. In this case, the
likelihood function is given by

hem Smej;p[ [i“(y —u)+ (h—m)(y, —u}}/&!)

1 .
= g EXP[‘[Z()’: -n+y-v)+lh-m(y, -y +n —U)}/S]
i=1
exp{ [Z o muh—m)cym—m}/ﬂ
x%exp(— h(y"g_ U)] = ,9'{'-' exp[—%]x%exp[_mﬁT;U)}

(s~

is the complete sufficient statistic for p. The probability density
function of S = (S, Sm) is given by

L. =00 (F )

(62)

where

¥, sff(x—y.)uh—m)(ym—x)] ©3)

f(s,s,) =

o e
e I T = S EPACS PACSE ©1)

r(m ne=t "
C(s)zgﬂp(—%} szuv,

1 -z S
——— s, exp| —2> |, 5,20
rm-108 B

S, —v

B

where
(65)
(66)

£(s.)=

V= (67)
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is the pivotal quantity, the probability density function of which
is given by?

f,(v) =hexp(~hy ), v 20, (68)
Sﬂ]
L‘:n =? (69)

is the pivotal quantity, the probability density function of which
is given by?

£,(v,) = ex

I'(m-1)

p(_vﬂr)' l"m =0. (TU)

Constructing a (y, B ) upper, one-sided y — content tolerance
limit with confidence level B for the case of Model 1

Theorem 3: Let Y1<...<Ym be the first m ordered observations
from the preliminary sample of size h from a two-parameter
exponential distribution defined by the probability density
function (49). Then the upper one-sided

E{Pr(ﬁ;,{x <y |n) 2y)} = (71)
is given by
B\ o1 L] m‘,]
S +& 1- Q L if & <1,
h B B
= ] . g
5+£ Q—frﬂ—l, if Q_"' >1,
Cohlls i
where
Q, :lf%.n_,_,)‘y(Bela(k‘n-k+l), ¥ qua.ntile). (73)

Proof. It follows from (71), (72) and (73) that
E{Pe(R(Y, =5/ ) =¥}
U]z [ F— }}

:E{Pr[;]_ ) ) dr>;'} E{pr(l—exp[_yf";
= E{PI[EXP[*nyg_U]SI"h.mhl;y]}
yu’”sln(l—q“wn.» )]}:E{Pr[”’«“;U z—ln(l*qg%“w)J}
=E{pr[f{—5. s, S‘;szm(lfq,w.,)]}
:E{P{S‘;U 2—”";5‘ %—ln(l—qkﬂw)]}

= E{pr(V 2 —pfV, -InQ2, )| = E1-Pr(Y <V, - nQ, )} = E{l—

1y Vy-In€a,

| f,(v,)dv.}, G2

where

v oS 75)

It follows from (74) and (75) that
E{li-n}’ﬂr[—lnn, ; (Vl)dlq} _ E{[,_WVTMQ' pexpl—tm )dv‘}

o

= E{l - [l - exp(—h[—qfvm ~InQ, ])]} = E{exp(}wfl{”)exp(ln Qﬂ)} = E{Qf exp(hqum)}

j(ﬂ exp h}h A )f (v,)dv,

0

{( exp hm i )ﬁ vt exp(-v, ) dv, :Q:Jﬂ.r(u:—l) V”T?EXP(—Vm[l—fﬂif])de
S (76)
em T

It follows from (75) and (76) that
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v QfF |m
q;’_f”*s S'_i 1—{?’} . (77)
It follows from (77) that
1
. Q) |t
yif=51+5—; l—{?g} : (78)

Then (72) follows from (78). This ends the proof.

Constructing a (y, § ) lower, one-sided Y — content tolerance
limit with confidence level B for the case of Model 1

Theorem 4: Let Y1<...<Yp be the first m ordered observations
from the preliminary sample of size /4 from a two-parameter
exponential distribution defined by the probability density
function (60). Then the lower one-sided y-content tolerance
limit (with a confidence level B) y" on the kth order statistic Y«
from a set of n future ordered observations Y1<...<Yy also from
the distribution (60)), which satisfies

E{Pe(B (Y >y m =)l =5 (79)
is given by
1 1
s QF et QF e
e s B N S 4 8
o h[ [l—ﬂ] } ' (l—ﬁ]
Y= . , ®0)
Sm Qrf/ i . QL -
S +T|:[l—ﬂ -1, if 5 >1,
where
Q_, =1- g, 4., (Betalk.n-k+1), 1- quantile). 81)

Proof. It follows from (79) and (81) that

7 ()
E{Pe(B (Y >y |mzy)| = { [j fino ( —y]}

- E{ Pr(exp(— A .51_ ”J 21 g, ]}

-55, S-v
=E{Pr[i’f5m xFJr 13 g—ln(l—qk_,,_h,:,__,)}}

5 -uv -5 5,
=EJlPr[ 1.9 57573 ]n(]- Qk,mlrﬂzlf)‘)]}

= E{pr(v1 <-nlv, —lnrz,_,)} = E{m T ﬁ(q)a’q}, (82)
where
-5
n, = %S ) (83)
Sm

It follows from (68) and (82) that
E{%’ ijm f(wy } = E{imj V_[m v hexp(—hy )dld}

[ 0

= E{] —exp(—h[—q,fl/m =InQ), ])} 1 exp h’h Kn)exp(qlnﬂ )} E{l - exp(hr;,f‘l/:n)}

j(1 Q! exp(hyfv,)) £,(,,)dv,

0

1

I(l o exp by, )) T@) Vi exp(-v, )dv, =1-Q Jx'r(n%,/mﬂ iexp(—vm[l—hrrﬂ)d"m
—1- a, (84)
oy
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It follows from (83) and (84) that

1
- Qf  fma
Sl 1_[_H} , (85)
© S nl |1-p
It follows from (85) that
1
s, Q|
=8+ 21| L : 86
Ye=S+= L_ ﬁ} (86)
Then (80) follows from (86). This ends the proof.
A Numerical Practical Example
Let us assume that k =5, m =8, h =10, n=12, y = =0.95,
S=(S| -¥ =9, Sm=i()f—Y])+(h—m)(};—};)J
=(5 =9 Sm=[)+1+2+4-1:6+10+15+23+(1[)—8)23=107), 87

Then, the (Y = 0.95, B = 0.95) upper, one-sided ¥ — content toler-
ance limit % with confidence level P can be obtained from (72),
where the quantile of Beta (k,n-k +1),y is given by

Wkn ki = 0.609138, (88)

Q =1-0.609138 =0.390862. (89)

1 1- q(l.n—!ﬁl}‘l—}

It follows from (72), (87) and (89) that

L
Qe 107|[ . [0.390862]" |**
5,+J1 =9+ |1- =9+7.883285=16.883285.  (90)
3 10 0.95

The (y = 0.95, B = 0.95) lower, one-sided y—content tolerance
limit with confidence level B can be obtained from (80), where
the quantile of Beta (k,n - k +1),1— v is given by

/. =(.181025, (©1)
Q, =1-q,, .., =1-0.181025=0.818975. (92)
It follows from (80), (87) and (92) that
eae [ ) ot ot
= 9+%[1.15335326—I] =10.64088. 93)

The (y =0.95, B = 0.95) two-sided y — content tolerance
interval with confidence level f can be obtained by using
(90) and (93):

[ S ] =[10.64088, 16.883285]. (94)

New Intelligent Transformation Technique for Derivation of
the Density Function of the Student’s T Distribution

If Wi € N (0,1) and W2 € ¢ 2
variables, then

W,/ W, 1o =T),

where t(v) follows the student’s t distribution with v degrees of
freedom,

(v) are independent random

(95)

—(e+1)/2
1+—} , —o0< <00, (96)
U

1) - ()—7((‘””#2))[

Foa) l'(m’2

Page No: 07 /

www.mKkscienceset.com

Proof.

! o
Wﬁfl(Wu)=ﬁ9xP By B A o7
where
w /2 W, vz
W=t j‘] . dw :[fJ dt. (98)

ol Lol

J[ 2} dt= £(t] w,)dt.~o < t<®. (99)
v

1 ; W,
= w0 expl -2 |, 0<w, <o,
2 F(U"z)zu/Z 2 xp 2 2

(100)

It follows from (99) and (100) that
@ =[ £(e|w) £ (w) dw,
o

e

/ L, -(w4l)ie
= T((w+1/2
:j%cnu “’;M)m’]EXP[‘&{H'ﬁBdWA :M{H.i} ,—m< <o, (101)
Sml (v 2)2 2 v Jm T(v/2)
This ends the proof.

H%’w’Z]—l exp(_%] dﬁl’é

12

Confidence Interval for the Difference of Means of Two
Different Normal Populations

In most applications, two populations are compared using the
difference in the means. Let U/, U2, ..., U, be a size n from a
different normal population having mean U ‘and variance o, be
a sample of size n from a different normal population having
U mean and variance o and suppose that the two samples are
independent of each other. We are interested in constructing
a confidence interval for u_— p . To obtain this confidence
interval, we need the distribution of U,, —Z, where

U, = ZU,/m ~ N4t im), Z, = ZZ,/m N( g, tn). (102)
=] =
It follows from (102) that
2 2

U,-Z,~ N[#m Ty 5}-
m n

(103)
It follows from (103) that
=W ~ N(0,1). (104)

This is independent of

Su-0,)
& (m-1) & (m-1s;
;(UliUm)z/ai - nt:]r,z. (m—1) - ol " 4o
and
i(z -Z, ]l 2
o . mp (n-1)§’
Y(z-2) [t = (’;z) = R (106)
where
%+%: W, ~ 7% (m+n-2). (107)
‘Tm 0-u

Taking (95), (104) and (107) into account, we have that
U,=2,~(4,=1,)
W o'z I m+ c'z /n

1 —
JW,l(m+n-2) J{(m_gs; (n— 1)50}
a,

)
Ty

f(m+n 2)

07 (- .
o2, (u,~1,) mEn=2__poo o,

Jm-08 /o2 +(n-1)S: 1o \on/m+a?/n

(108)

where T(m+n-2) is a t-random variable with m + n — 2 degrees
of freedom,

r((m+n-1)/2) [, 17"
+
Jfr{m+n—2) T‘((m+n—2}.’2)|_ m+n-2

()= , —w< <o, (109)

Wor Jour of Appl Math and Sta 2025



Using (108) and (109), it can be obtained a 100(1—a)) % confi-
dence interval for U_-Z_ —(p. - ) from

P(tl<Tm+n 2 <t2 (1 — 1,) Nm+n-2 <q,
Jm 1)5‘*;’5 +(n-1)52/0? Ja' I m+ciin

2 2 2 2
N CEDIETE RN pre s S

P m+n-2 lew

2
J(m S, Io’ +(n— l)S Io’ W

m+n-2

(110)

by suitably choosing the decision variables t and t,. Hence, the
statistical confidence interval forU_—Z —(p_—p ) is given by

f(m S /ol +(n-1)S8: /o
m+n-2
! 1

Joiim+atin

J(m )S:iel+(n-1)8 /ot
m+n 2

(111)

.{am/m+crnfn

The length of the statistical confidence interval for &, -z, —(x, -x,)
is given by

2 2 2 2
L[q'rz|J(m71)Sm/o'm+(n—l)S,,fcrn ;—a:?“mgﬁm]

m+n—2

-8 /ot -5 /o°
:(IZ—Q)J{m )5y /o + (121, a"1fa'§,f’nr+offn.

m+n-2

(112)

In order to find the confidence interval of shortest-length for Um
-1,), we should find a pair of decision variables t1 and
t2 such that (101) is minimum.

U,-Z,~(u,

It follows from (109) and (110) that

j f(r}dx:f f(r)dr—_r f(Odi =(1—~a+ p)- p=1-a, (113)
f 0 o
where p (0 <p < a) is a decision variable,
jf(t)dr:l—aer (103)
and !
}f(r) dt=p. (104)

Then t, represents the (1—a + p) - quantile, which is given by

r? = ql ek (e n=2)) (1{]5)
t1 represents the p - quantile, which is given by
IrI = qP;{r(mln 20" (105)
The shortestlength confidence interval for 7 —Z — (2, —1t,)
can be found as follows: Minimize
{rz -4 )2 = ( Das pietmen-2) ~ Dpeteimen-2)) )2 (107)

subject to

0<pza, (108)

The optimal numerical solution minimizing (t—t) can be ob-
tained using the standard computer software "Solver" of Excel
2016. If o}, = o, it follows from (101) that

[m+n (m—1)S, +(n-1)S] [m+na
Lig.6| — |=( ) e —
mn m+n—2 mn

If, for example, m=58, n=27, o. = 0.05, 7. 70.7, z 76.13, S,
(1.8)2, st (2.42) then the optimal numerical solution of (107)
is given by

p=0025, =

(m—1)S +(n-1)5
m+n—2

(109)

=-1.98896, ¢ =1.98896

2 = Qs pr(t{min-2)) (110)

Dpntetmin-2n

Page No: 08 /

www.mkscienceset.com

and it follows from (99) and (109) that the 100(1—a) % confi-

dence interval of shortest-length (or equal tails) for p, — p, is
given by
(L_f Z )_L (m-1)5%+(n-1)S" ’L‘“T
(tn-p)e| men-2 M - (-6.330047,-4.52005)  (111)

B )4 (m-1)S. +(n-1)5" ’m+n
i m+n-2 mn

-6.330947 < g, —p, <-4.52905. (112)

=
NI

or

Confidence Interval for the Ratio of Means of Two Different
Normal Populations

Ratio in the means is used to compare two populations of positive
data. Let Lh, Us, ..., U, be a sample of size m from a normal
population having mean [ and variance ¢ _*and let U, ..., U,
be a sample of size n from a different normal population having
mean 7 and variance 6 * and suppose that the two samples are
independent of each other. We are interested in constructing
a confidence interval for the ratio of means ( TR TN of two
different normal populations To obtain this confidence interval,
we need the distribution of , m n 7, -7, where

Um:ZU‘./m-«N(ym.crifm}, Eﬂ:ZUj/n~N(yn.U:fn). 113)
i=1 t=1
It can be shown that
2 2 2
0,0, - N{F..,*K#..-ﬂJr £ a“} 114)
m n
or
w:mnm(o‘l), (115)
o Kkial
o
m a
This is independent of
(U, - ) s
> 7 \2 z_(m*ng( ) " _(m-1)5, 2
Y(UC) for = s (a16)
and
— \2
: =l (-] Z.(U’_U”) (1-1)S°
U,-U, e = e AT 17
2, ) fol =R R )
where
(m-1S82 (n 1)8:
—=+ =W~ ~ 7 (m+n-2). (118)
Gm an'
It follows from (84), (115) and (118) that
W, U, —xU, —(u, — s,) 1

W,/ (m+ n=-2) -

Jcr_ Kol (m-1$?
m n o’

m

mn=2  _ronyn-2)- 10, (119)

J@-1082 /0% + (- S /o2 \ oo/ m+xcl in

-8t/
+(n E]S”]JI(JTHH—Z)
c, |

U, —xU, - (, —1,)

where T(m+n-2) is a t-random variable with m + n — 2 degrees of
freedom. Taking Theorem 5 into account, we have that

F((m+n—1)/2) 7 (men-ty2
- , —w< <o,
J:r(m+n—2) [((m+n-2)/2) m+n—2 ==

Using (119) and (120), it can be obtained a 100(1—a) %
confidence interval for T, -0, - (u,—x,) from

(= (120)

P(r, < T(m+n—2|1_7m—1([7n—(;tm —K_.CIU))SEZ)

P U, — kU, - (u,, — ku,) Jm+n-2 QJ
2

.J(m )8% /ol +(n=1)8 /o Jo’ Im+i’el/n

2 2 2 2
rl\}’(m DS, /@, + =D Ia”,,‘o';lm+icgo';Insﬂm—xﬁ’"—(pm-gjn)

m+n-2
_p =1-a (121)

-8 /62 -1)5% /&2 v
Slzvf(m )5, /00t (115, g"\,'a',f,fm+xlo-:!n

m+n-2

by suitably choosing the decision variables t1 and t2. Hence, the
statistical confidence interval for Us—+th~(u-s1) ig given by
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J(m 1St

fat+(n-1)S /ot
m+n—2

J(m S

[l +(n-1)S /!

m+n 2

(122)
,,‘o-m,fnwxzcjfn Jo- !m+n£cr£,fn
Thelength of the statistical confidence interval for T, —xT, — (x, — xu,)

is given by

2 2_2
\/crma'm+x' o, ln

(m-1)82 /02 +(n-1)S> /o’
b m+n—2

(123)

o2 F] Y]
:(fz—ﬁ)vl(m s /o, +(n-1)S /o, 'r—o':,fm+lczoffn.

m+n—2

In order to find the confidence interval of shortest-length for
U, —xU,—(u,—#u,), we should find a pair of decision variables ti
and t2 such that (123) is minimum. It follows from (121) and
(123) that

_r[(r)d{=j f(r)dr—jf(z)dr =(1-a+p)-p=1-a. (124)
5 [ [

where p (0< p<a) is a decision variable,

| rode=1-a+p (125)
0
and
j F()dt=p. (126)
o
Then ¢, represents the (1-a+ p) - quantile, which is given by
L= Qo pitmen2) (127)
f represents the p - quantile, which is given by
6= Qpiotmen2* (128)
Minimize
2 2
{!z - "1] = (‘?1—‘” pittimen-2i — Dpie(men-2)) } (129)
subject to
0 p=a, (130)

The optimal numerical solution minimizing (, -y can be obtained
using the standard computer software "Solver" of Excel 2016. If
o=, it follows from (123) that

z 2 2 2 2 2
L[m w\/;r_]z(g_q) M\jg; a31)
m+n-2 m n m+n-2 m n
If, for example, m=6. 04, « = 0.05, T, =175, U,-1268, §.=©7" 5’ =02", then
the optimal numerical solution of (129) is given by
P=0.025 6 =G, mnz = 2306, =G o pimenay = 2.306 (132)

Conclusion

The new intelligent computational models proposed in this
paper are conceptually simple, efficient, and useful for con-
structing accurate statistical tolerance or prediction limits and
shortest-length or equal-tailed confidence intervals under the
parametric uncertainty of applied stochastic models. The meth-
ods listed above are based on adequate computational models
of the cumulative distribution function of order statistics and
constructive use of the invariance principle in mathematical sta-
tistics. These methods can be used to solve real-life problems in
all areas including engineering, science, industry, automation &
robotics, machine learning, business & finance, medicine and
biomedicine, optimization, planning and scheduling.
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