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Abstract

Provides a definition of symmetry for determinants, which simplifies the proof of two results for determinants.
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The Symmetry Definition of a Determinant

There are 1" numbers arranged in a table with 1 rows

1 columns
E‘!] 1 a]i o E‘i] 7]
D= dy dy vt dyy
Ei”] Er.l.E e 2 rir

The dy is called the element ufﬂ'jl has two subscripts.

The first subscript {is called the row subscript, and the
second subscript fis called the column subscript. The row

subscript § and column subscript j indicate that the

element is the row Jicolumn j element of this D, for

example, &,, is the second row first column element of D.

Make the 1 product of the elements located in different
rows and different columns in the table [, and label it

with a symbol  (— l)r obtain the form as follows

Page No: 01 /

www.mkscienceset.com

(-D'a,,a,, a,, (1)

is called the items, which @ 2, --- P is an arrangement
of natural numbers 12,---,1n, qq,---q, is also an

arrangement of natural numbers], 2 .-+, 17

t=t(pp,--p)+rigq-q,)

where

t{pp,--- p,) is the inverse order number of the
arrangement Py p, -+ p, tlg,q, -+ q,) is the inverse

order number of the arrangement ¢, - g, -

Because arrangements @ -+ P have nl items,

i, -+~ ¢, also have nl items |, so iterns in the form of (1)

have (n |}2 items .Algebraic sum of the Enl}ﬂ itemms and

divisionby 1!, ie
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_[Z{_l)ramﬁamrﬂ ra, = D is calledan n
H £ )

order determinant, denoted as

II.Ei]] 'Ei].E o II.Ei] n
D= dy oy vt dy, _
ar.l] ar.l.E o ﬂ””

Z [_1}rEP.Pr-:-'»J+riam---&'»J a

PR Ry
By

ma P Do,

|
nl

Where, 4, as mentioned earlier, are the (F, J") elements

of this determinant [7 | that is. the elements of the row |

and column j of this determinant D

a"'nSSLIITJlIlg I]"".T* "'J,l"'-r

n

is a fixed arrangement,

exchange 1§, .i, obtain a new fixed arrangement

I ---1 , then

- eli iy i i )T g g, )
z[ 1} Fia g " Dy

LR T

z {—l} e edyedy i (g, ) a

Ay aﬂ'a i a'iH'r

This is because each permutation changes the parity of
the arrangement and the multiplication of numbers
satisfies the commutative law. Pay attention to that in
each of the arrangements here, has been transformed into.

the arrangement has been transformed into. where the

positions remain unchanged., and their wvalues are

swapped and vary with different arrangements!. It can he

inferred from above that
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_ el12 e m) e Dy,
= Z[—l} a]qlahﬁ...aw

£
L

o)
= Z{_l}rrﬁ‘ﬁ § a]:ﬁai!qlz”'anql,

B2 e

This is because any §n order arrangement can be
transformed into 1217 by a finite number of times.

Also, because there are 1l n— order permutations in
total, hence, the new determinant defined in this article is

equal to the classical determinant!

This definition can be extended to row subscript as n
different natural numbers and column subscript as n
different natural numbers. Just arrange these 1 different

natural numbers from small to large, then let them take

values 1,2,---, nlin sequence!

Example 1 Find the determinant of order n

a, 0 - 0
0 a, 0
0o o0 a

i i)

Solution The elements ay of this determinant can be

non-zero  only in the case j=jf 50
a, 0 - 0
0 a, - 0|
0 0 a,,
1 Z (=17 (AP prelage e -
o P Pulls
" PP P
LTAREA

1

- g TP T O e
_}';If Z{ 1} Ao o, a,.p,

APz Po

1
_E zﬂmﬂm Ty, T Ay Ay,

APz Px
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Example 2 Find the determinant of order 1

a, 0 - 0

dy By 0
0

ﬂ|u] auZ e aJ'.-.l'r

Solution When p =1, g, must be 1, otherwise

a,. =0 ., when P, =2, ¢, must be 2, otherwise

=0, and so on pf.=qf.,f=l,2,'--,n .. The

=
Pata

following is the same as Example 1.

Example 3 Find the determinant of order n

0 . i 0 a,,
{} ﬂ! =1 {}
a, 0 0

Solution For this determinant, only the elements on the

second diagonal may not be 0, so only its worth

considering g, = n+1— p,,i= 1.2,-- 1. therefore
{} ﬂ 1n
{} 3&:}—] n
a, 0 0

1 ‘l
- 1y Tl A R T L)
H{ Z{ U aI-Wn aPﬂk HF-‘n'Jn

Al o
Lok P

Zt—

HPe

Aom-p Tpnip " Dy mp,

Because each permutation changes the parity of the
arrangement and the multiplication of numbers satisfies
the commutative law, and amy arrangement of order can
be transformed into in a finite number of times, therefore

t=7(12---n) +r(n(n-1)---21) = n(n-1)
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0 0 a]”
rJ[ rJ—]]
ﬂ E.E i1 _1
B - [ } a]ua.ErJ—] rllarJII
a, 0 0

Property Determinant is equal to its transpose determinant.
This is a direct result of the symmetry definition of
determinants, and also is the best application of this new

definition of determinant.

The Expansion Theorem of Determinants by Rows
(Columns)

A determinant is equal to the sum of the products of its
elements and their coresponding algebraic cofactor in any

row (column), that is

D= an"qn + aJ'EAiE +'“+3f.-:‘4:'n“:ls2r"‘rﬂ}

D=a A +a, A, ++a,A (j=L2, n)

Proof Frove anly for rows, because as long as it halds for

rows, the above property immediately deduce that it holds

for columns as well!

Ei” IIH.LZ Ei]”
D= dy  dy 'Eizu:
an] anZ am
1
- 1yt p e (g,
j"]{ Z[ l} aJ'-'l'El'l EI-‘JE‘J appﬁ'»
MPe - Py
LR
o R £ R SRR TRE - Ly (LD B
l z{ ” a.u.rﬁ 3;-';1 apﬂqﬂ
Pra—
P 4.
1
i v Pl el 2 . .
= Z{ 1) Apg " Fp2 " Ay,
Lo men,
e Eoagy
o
1 e
r (- pyes Poltrige-kegy, . .
+n{ Z[ 1} am& ap.* apﬂ-&'ﬂ-
AP fin
PRREY
o+
1 .
= [P e Pl (g rreegy)
+n{ Z[ 1} Ana, Ao g,
A fre fa
-y
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Where, the general term,

Z [_1} L py Pl kg, 'ﬂpllih v d

pr* = a

5o, the all sub-terms are equal, that is,

Pl 1
PP By hg g i .
Ak g, o Z {_1} Aonog "9 0, dp 0, Ap,
AP B
—l Z {_1) i a - - - '*r"| o Ir‘I'|I 'I IT1';.-
- i dﬂ..w..u dp..m'..u dp»rf» 1
:—':H P Bt - Z{_l}rga a .a e g a
B B "' i P S P Bt S Puiti
R PF PP Py
e LR T TR
= Z{ )" a Ao T Bpg, " 0 Fpnn T a
PP B P P Pty
L R T _ _
+.-..- 1
1 — E[—l}"a a . -—-a a .a LF:
— - =1 =¥ Poifer - PR Pt Pully
* Z[ D’ o Donn, " Ao, e, 0, PP
PP PoiPiPai Pe W Ry
Gy R
apnrfn 1
r’ LRI .
+eee E Z[_l} Ana e oo Tpogn " Do,
]. P PP Pefy
— . GG
+ Z[ 1} aI-'l'.!'l Pz&'z aP:-lE‘:-laH-lﬁ':-l o
BBy P By By By o
OOl Gy etk A
.-a a l 2 B f.
Pels it =l =™ Z{_lj Do p 0 B0,
where A
t=t(pp PP P a4,
+r [kq PR FRL! /% R qn] Hence the general term
it :I'{pr_lp]p} l Z{_1}r[H...H...p’].,.r[,‘,l..._*...h]a ea g
* d ! " . l Py ik Pl
g g,
+Tlg ke gy gy e n) kg
s=2,,0mi>1 n
? Ty Bt
. o a-"'-“:[ 1] Z{ 1'] 3 F".' 1% a"’:-:“m
when /=1 the same processing can be applied. A PP P
)
Because each permutation changes the parity of the
1
— otk
arrangement and the number s of digits from  p to p, is —{ Y i (=D (n- 1}1M pﬁ'A_,'.rIE
Where,
equal to the number of digits from g to k | therefore
n =t(p PP PTG GG q)
{_l}'ra = {—l}r[F'I"'F'.'"'Pr-lpm"'p.r]'"“!': """ AL ey B
Therefore,
= [_1}riP.H---P.-uH..---p,1+ri*rd---rf...r‘-...---r.-,I a a, a,
1 2 I}
= &l &l
= {—1}!—',_]""*\_] {_1)r[I-ll"'pl_lpl_l"'p”]+r[[||l"'[‘ll_ll‘ll_l"'[‘l”] D: “ “ e =
= [—I}F'-‘“'*h] {_1}f[H"'P.-uJ-‘.-r--:-'»]+r[rﬁ---r.'...r.'...---q-,,] a, 4d, -+ 4,

s=12---.n
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va, A (=12

The theorem has been proven!
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