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Abstract
In present paper, I intend to introduce our study of new normed function space type of Lorentz-Morrey #<I> (s,G)
associated parameters of many groups of variables started in works by A.Dj. Djabrailov. I must note that, this
space belongs to spaces type of Lebesgue-Morrey type. As an application, we give some properties for these spaces
again. In addition, I have given two needing lemmas and they have been proved. In view of the embedding theorems
we study some properties of the functions, which are belonging to these spaces. Although I have dealt with a lot of
measurable cases, differentiable function spaces are very difficult in general. The most important cases are Lebes-
gue-Morrey type spaces with many groups of variables. I begin with the general theory of Mathematical Analysis, 1
have constructed new normed spaces type of Lorentz- Morrey, gave and proved some characterization of these type
of spaces. In addition, specific techniques for introducing some embedding theorems will be given late.
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Introduction
Let 1 <5 < n; s,n — are positive integers and ny + -+ + ng = n. Assume that
x = (Xg, 00, X6) € R" Xy = (Xp15 o Xigm, ) € R™ (KE €5 = {1,2,....8))

and we are given a Lebesgue measurable functions f(x). More precisely, R™ = R™ x R™2 x-x R™s. Thus
we consider the fixed, non-negative and integer vectors [ = (14, ..., [), such that, [ = l[im; e} :!k.nk:l. (ke eg).
That is, I ; > 0, (j = 1,...,n),for all k € e;. Here we denote by Q the set of the vectors i = (iy, ..., [s),
where i,= 1,2,..., n, and k € e,. The number of elements of the set Q is equal to |Q| = [Ti=,(1 + ny).
Therefore, to each vector i = (iy, ..., i5) € Q we correspond the vector I! = [:r!i‘ s I;‘) associated with the
fixed "positive vector” | = (Iy,..,l5) by the following way [° = (0,0,...,0), 1t = (1;,1,0,...,0), ., [} =
(0,0,.., 1} n, ), for all k € e;. Then to the vectors e', we correspond the vectors F:[fi‘, !_iz, - f.'f ), where
i =

and [f, = 0, if I[* =0. [13, 14, 15, 17, 19]
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[ f;fnk) (k € e,). Here for every k € e, LY, is the greatest integer less than [}, if L¥;>0,




Materials and Methods

In this paper we introduce and study the new function space
"':":Ea »el(8.G) (1)

of several groups of variables of Lorentz-Morrey type, where the analysis is based on a setting space, related
methods of the integral representation and differential properties of some classes of such function.

Definition 1. We denote by L"‘g ax1\8.G) Lorentz-Morrey space type of locally summable function f on G C
R™, with finitenorm (1 < p < 00,1 <8 < o)
”f”p.a,x,r: o= “fllﬁpmlr(c) =

1/t

o X!cﬂ t
{fu l“kEe,[tJ{]‘L v x"f‘”p.f:tx{r}] nkEﬂs%}

ol (2)
SUPpetam (nkEes[ck]l_ PoX ”f.”p.ctx‘{x})
- fa Is [k ij
DVf = Dfi ﬂ;‘ f. Dff= Dﬁﬁi ‘DS Gee =G N1 (x); fx(x} = Ly X e XX H s

1 dat [
Ir:k(xk}=[}v’k v — x| < Etﬂ':‘k'f ke, } where |B,| = 21_1 rc 2 _ “Jee . and n{gk = f::; -

[k, < 1for [} > 0,and B, = 0, if If¥, = 0, t = (y, .., t,). t) = (tm: Ek.nk)- 0= (D s W), By =
(@ie1; i @i n, )- When wy ; = 1 for k € e, then w =0, k€ e, / e’; e! = suppl' = suppw. Hence, let t, =
(fm- ---,fu,s)-fu,k = (cu.kli,....tulk,ﬂk] be a fixed positive vector, and ®€ (0,00)" | a€ [0,1], 1 € [1,¢0],
[te); = min{1, .}, k € e,.

Let us give some characterization of L, g, ,(G):
1) ||/l p,a,%.rc is a giasi-norm.
2) We must note that, for every t > 0
Lpas(G) = Lpaux(G)
3) The space Ly, 5, -(G) is complete.

4} For c=0 we have
1
”ﬂlp.a.cx.r:a = ;5 ”ﬂlp.ax.f:c‘
T

5) For any #=(3, ..., 1, ) = 0 we get:
aj ||f||::u,0x.m:c = ||f||p,c;
DI Nlpaser:c = 1 e

61f p<g—x

.151:1<1'2<_:00thcn

T =
Lq,b.n.fj{ﬂ) Co= *Ep‘a,x,tz (G}

and

Ilf"ﬂ,ﬂ.x.‘rzlﬂ = ||II|Q,B.H.T1:E‘ {3}
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Results and Discussion

Theorem 1: Let f and g be two functions in Ly, ; ,,(G). Then for all 1,, 4, 4; = 0, we have:
a) Dy is decreasing and continuous from the right;
b) lgl = |f| then Dy(4) < Df(A);

O Dep(2) = Dy () for all ¢ € C\(0};

d) Drig(Ay + 42) = Dr(4y) + Dg(42);
e} Dpg(A145) = De(Ay) % Dyl4z):
f) If|f| < lim inf|f,|, implies that D; (2) forany 4 = 0;

g IF|fu| T If] then ?!l_]"lgo Dg, (4) = Dy (4).
Proof:
a) Let0 = A4 = A;. Then
aIFO1> [ Jiasds p < {elr@r > | i
kee, kee,
Then by the monotonicity of the measure we get
Dy(Ay) = Dy(43).

It means that, the function Dy is decreasing. Let us proof continuous from the right. Let be 4, > 0 and we
have to choose 1,43, 45, 44 such that 4, = A; = 4; = A4 = -+ and let us define E¢(4) for each

E (1) =11, |,r(c)|>ﬂ[,1,f]1.

Hence, Ef(4,) € E;(4,) € E;(43) € -+, and by the monotone convergence theorem we get

tm 2y (0 3) = b (5 1047)) -
1 (U2 B (2 +2))=1 (E; (3)) = Dy ().

Since Ep(4,) € Ef(4;) € Ef(A3) S+, and A, = A4, = A3 =4, =+~ This establishes the right
continuity.

b) Suppose that, fand g are two functions in £, , , ,(G) and |g| = |f]. Following

tlg@1> [ [2uip < {eir@r> | Jindsg

kEeg kEeg

According to the monotonicity of a measure we hold following

kEes kees

! {r. g > l_[ukjl} = {c. F @1 > ]_[Hkh}.

It means that, D (4) = De(4).
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c) Let f € L, ;. .(G)and c € C\{0}. Following

{r. F(ct)] > l—[[ﬂkh} -

kee;

{f- [ellf(t)| = 1_[[11 k]:l.} =
kEeg
1

{r. If (O] > ml;[”k ]1}.

It implies, that
1
I {c, lef(t)] > 1_[[-‘1!:]1} =u [t. IF()] = nm[ﬂk]l}
keEeg keeg
Moreover, we get D.s(4,) = Dy (%)

d) Let f,g € Ly 4::(G) and 4,,4; = 0. Then we have

{t. If(e) +g(t)] = 1—[[‘1 il + I_L:Eg [32.1.:]1} c

kEes
{f. IF(O] + 1g(e)] = 1—[[‘1 Ll + I_L: [‘12.-*!]1} c
keEeg €es
{t. If(e) +g(t)] = 1—[[‘1 vkl + I_L:Eg [Az.i.:]l} c
keEe, #
{t- If(o = 1_[[*l 1.k]1} u {t- lg(t)] = l—L: [‘]‘2.1'!]1}'
keeg €2

That is,

# {r. r@+9@1>] [+ ] | [Az.xll} <

keeg

#‘[5: ()] = l—[[ﬂ-l,k]l]’ +u {5: lg()] = I_LEE [Az,kll}'

kEeg
T]'IUS, Df+g(‘11 + 112) = D‘r’(il)+ﬂg(ﬂ_2}.

e] Letf,ge L, ., .(G)and 4,,4; = 0. Then we have
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LI @e@1 > | [ad [ | [2ad, =

kceg

LAr@Ng@1> [ Jidaed [ | [, f

kEe;

1O > | (2 U{t.lg(t)l > ] [Az,k]i}.

keeg
It means that, Dy, o (A343) < D (A, )+Dg(A;).
According to [4] one can easy proof fand g. [1, 2, 4. 7, 18]
Remark: (Compleieness). The normed space L, ;.. .(7) is a complete.
Proof. Let || f;|l;nnen be an arbitrary Cauchy sequence in £y, ;. .(G). Then we hold
Wfin—Sfallp.ase: 6 = 0vas m,n = o0

and according to corollary 2.16 [4] we get

_laegla
Wonfallgesy < [ | [1teds™ 7 X Wfinfull ) > 0,25 m,m = 0

kEeg
Thus
‘].Jlr'f
|

e
supocice | | |l # x D] =
kee,

g

iy
SUPparaos (nkEES[Ek]i_T X (fin — fn)uu)) — 0,asm,n — oo,

It follows now by theorem 1.6(g) in [4] that
(f = fo)' () = jll_l"l‘;ln inf (fﬂk —fnn)s[t), for all t=0.

Due to Fatou Lemma, we have

(f = fo)"(O) = lim inf (fa, = fao) @), for all t=0.

Onee again by Fatou’s Lemma we hold

If=faall, o =
- T 1/t
|35 la . dt,,
[ < -r) 0| [ |2 =
0 |ikee; kee, ke
- T 1/1
e - dty,
JAT T ™" x pim in (- )" [T 2t =
0 |kEes kEes k
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1/1

- _beyla - ' d
jli_,n; inf {j [n[ﬁ:h S X (fry, = fro) (0 l—[c_t,:(}
3 kege,

keEe,

lim inf ||fy, = fuoll . < & Forme >no.

Since f = (f — fnn} + fay € Lpas:(G). This implies that £, ;. (G) is complete.

H e |

_begla yr
SUPpctcom (“kee,[tkh poX [51 |fin (1) — fu(E)] = [Tiee, [t k]l]) =

1/t
[#y|a
SUPper<on n[fkh PoX Dp -fut) =0, mn— oo,
kkeeg

It proves that {t: £, (t) — f,(0)] > [Tree,[tr]1} = 0, m,n = oo, for any t=0. We proved that given
I fiull;y newn sequence is a Cauchy sequence.
Let be £ > 0 arbitrary, since || f,ll,,nen is 2 Cauchy sequence, then there exits ny € N such that

£ = fg ||MJ('T < e (n>ny)

and (f,, — fu,) convergence to (f — fp).

legla

_leg|a
ming [(J‘Ff _Jfk);] - [U; —fk];(}’)] " LyeG=>

(RN ~==[(f, ) (;v)] yeao

"f la _lyla

(5 - ) tr)] y© <[(5-f),0] P v =

J.{[U; ~fi) " (®)] }f(y)] —*<
f[[(ﬁ IANOIRTE l_[—=

[ - 7" @) f von] [ 5=

kEeg
5[ {05 - )| r(y)]keg ™
This way we hold
[(f; = f) " @] f r(ﬂl—[—“
kEes
i = Al o
Hence
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(fi - f,{); 0= Dm__m- — 0= D gy — 0.

That means (f, ), is Cauchy in measure. Then there exists a subsequence (fkj) that converges pointwise

to a measurable function f. According to Property 3.15(e) in [4] and Fatou’s lemma we are able to finish

that f € L, ;.. .(G). Moreover

f=lim fi, = fi = lim (,rkr_)‘ = ( Property 3.15(¢))

Jreom

f (U O] (0)

tim inf [l U (1Y (O} Tkee, 2

di
[ 5=
ty

kEeg

dty

(Fatou’s lemma)= c <co = f € Lp.a_x_r(ﬂ)-

Besides

tim [, () = f;0)] = [F(©) = fi()] .t € R™

Taking Fatou’s lemma and the fact that (f;. ), is a Cauchy sequence, we obtain following

If = filly gsecte) = ”f = fi; + fy —fil

W=l ot =
(f Tilly, o ™ M = i

=
Lpawxz(G)

|£p.u.r{ﬂ})

= = —
‘ (”f & | Lpancl) N | 4 fj‘"| Ep.u,rw}) o
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