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abstract h
The time dependent Couette flow (CF) of a conducting fluid formed between two concentric tubes filled with a po-
rous material with variable electric potential and interplay of motion of the outer/inner cylinders is investigated. The
governing electric field potential as well as the momentum equivalences are gotten from Poisson—Boltzmann and Na-
vier Stokes equations respectively. As a promising tool for solving time-dependent problems, the Laplace-transform
technique is employed to get analytical solution for velocity profile in Laplace realm. By employing the Riemann sum
approximation (RSA) simulation, the results are obtained numerically in time-domain. During the graphical and nu-
merical simulation of obtained results, it is found that the magnitude of electrokinetic effect as well as Debye-Hiickel
parameter play important role in flow formation and mass flow rate in the horizontal annulus. Furthermore, motion of
the cylinders can serve as control mechanisms to lower or enhance mass flow rate and skin friction. P

Keywords: Electroosmotic Flow (EOF), Unsteady, Couette Flow, Annuli, MHD.

Nomenclature * u dimensional velocity

* ¢, concentration of ions in bulk fluid e u' constant reference velocity

* B magnetic field induction vector e U dimensionless velocity

* B, magnetic field strength * v vectorial velocity profile

* E, electrostatic intensity * z valence number of ions in the solution

» F Faraday’s constant e 7' axial coordinate

* g acceleration due to gravity * 1 dimensional time

* G dimensionless parameter * ¢ fluid permittivity

e J current density vector * %, (dimensionless)

* m' positive integer e ( zeta- potential (electrokinetic potential of the wall in
e M Hartmann number the double layer)

« LT Laplace transform e ¢ electrostatic potential

* R' universal gas constant » @ externally imposed electrostatic potential
* r, radius of inner cylinder e« Debye-Huckel parameter

* 1, radius of outer cylinder * A, Debye length

* 1 dimensional radial coordinate e A annular gap (A=r 2/r 1)

* R dimensionless radial coordinate * y' dimensional EDL potential

* t dimensionless time * v dimensionless EDL potential

* T temperature of the fluid e w fluid dynamic viscosity

Page No: 01 / www.mKscienceset.com Sci Set J of Physics 2024



e p fluid density

* o electrical conductivity of the fluid
1 skin friction

* v kinematic viscosity

* p; fluid density

* p, charge density

Subscripts

* 1 value at the surface r=r,

* A value at the surface r=r,
Introduction

Electroosmotic flow refers to the study of electrically driven me-
chanical motion of charged particles or fluid. This phenomenon
was first observed by Reuss in 1808, in the electrophoresis of
clay particles [1]. This study continues to gain attention owing to
its applications in water supply, medical science and electro-me-
chanical devices. One of the most significant applications is the
design of micropumping devices used in drug delivery, fuel sup-
ply and biochemical reactive platform [2]. Generally, an electric
double-layer (EDL) is induced when solid surfaces which usu-
ally acquire a negative electric charge comes in contact with a
fluid containing dissociated salt [3, 4]. This interaction generates
an electric force near the wall, thereby provoking fluid motion,
which subsequently transmitted to the bulk fluid by viscous forc-
es [5].

It is well-known that the basic factors controlling the flowrate
in electroosmotic pumping are: the strength of the external-
ly applied electric field, the cross-sectional dimensions of the
annulus, the microchannel surface charge density and the ion
density/PH of the working fluid [6]. Although increasing the
magnitude of externally applied electric field enhances flowrate,
but this can cause a huge increase in the temperature of the fluid
and as a result increasing the Joule heating effect, which is not
advantageous [4]. Therefore, other mechanism must be used to
achieve high volume flow rate. A lot of efforts and research both
theoretically and experimentally have been conducted to solve
the aforementioned problem [7-13]. Most of which have used
pulsating force as a control mechanism for flowrate.

The study of magnetohydrodynamics in annular geometry has
rapidly become a research field due to its technological applica-
tions, such as drilling operation of oil and gas wells. By assum-
ing that the magnetic lines of forces are fixed relative to the fluid,
Katagiri investigated the Couette flow formation of viscous, in-
compressible and electrically conducting fluid between two-in-
finite parallel plane walls subjected to transversely applied mag-
netic field and found that skin friction increases with increase in
Hartmann number [14]. Later, Muhuri extended the problem by
imposing a uniform suction velocity on the walls and obtained
that skin friction is enhanced by increasing suction parameter
[15]. Singh and Kumar on the other hand considered the same
problem by assuming that the magnetic lines of force are fixed
relative to the moving plate for both the impulsive and motion of
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the moving plates and concluded that the effect of magnetic field
is to increase fluid velocity for both cases [16].

In annular geometry, the study of electrically conducting fluid
was first carried out by Globe [17]. Ever since then, different ar-
ticles have been credited to capture a more physical phenomena
[18-22]. Jha and Apere, investigated the unsteady MHD Couette
flow in an annulus by using the Riemann-sum approximation
technique to obtain the results from Laplace domain to time do-
main [22]. They deduced that skin friction is a decreasing func-
tion of Hartmann number at the outer surface of the inner cylin-
der. Also, they did not analyse the role of magnetic field as well
as accelerated motion of the boundary on volumetric flow-rate.
Other recent related articles on electroosmotic flow and magnet-
ic field can be seen in [23, 24].

The novelty of the current work is the development of mathe-
matical models to theoretically analyse the unsteady electroki-
netic Couette flow in a horizontal annulus filled with electri-
cally conducting fluid with a porous material. One real-world
application of this configuration can be found in the design and
optimization of certain types of electromagnetic pumps. These
pumps utilize the principles of MHD to move electrically con-
ducting fluids, such as liquid metals or molten salts, without
the need for any moving mechanical parts. Another physical
application of start-up flow can be seen during the ignition of
a rocket engine, the start-up flow plays a vital role in establish-
ing the necessary conditions for efficient combustion and thrust
generation. This entire article can be viewed as an extension of
by incorporating the electrokinetic effect due to its applications
in micropumping devices [22]. Further, we intend to investi-
gate the role of magnetic field in transverse direction as well
as motion of the cylinder surface on volumetric flow-rate and
skin-frition, so as to serve as a control mechanism. The govern-
ing equations as well as the analytical solutions are presented
in section two while the discussion of results and conclusions
respectively follow in subsequent sections.

Mathematical Construction

A time dependent, fully developed, laminar flow of conducting
fluid between two concentric tubes with variable electric poten-
tial is considered. The radiuses of the inside and outside cylin-
ders are assumed to ber 1 and r_2 respectively. The inner cylin-
der and outer cylinder are assumed to be to move with uniform
velocity A and B respctively. The flow is driven by combined
external voltage gradient and motion of the cylinders. Electric
potential { 1, 2 such that { 2> 1 are applied on the surface of
the inner tube and outer cylinder respectively (see Fig. 1). The
EDL follows Boltzmann distribution, so that the convection due
to ion effects are insignificant. Also, the wall potentials are as-
sumed small, so that Debye-Huckel linearization to be useable.
All other physical thermodynamics parameters are assumed con-
stant.
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Figure 1: Schematic diagram of the problem

Electric Field Potential
Following assumptions above, the electrical potential is ob-
tained as:

Vip= -5
£ (2.1)

The potential, ¢ is due to combination of externally forced field
@ and EDL potential y'. Where p_e is the net volume charge
density of symmetric electrolyte and defined as [3]

_ap . zrw'}_ i 1@
p. = —2FzC, smh(—H._j_ V= rh_£+1_mj+r}z.

a 7t

2.2)

For fully developed flow, the external potential gradient is in the
axial direction only ¢=d(r) and y'=y' (1)

14 aw‘ _2FaGy 2F)
ror\ ar e CRT
subject to the boundary condition:

wl(?’]:' = =1£’l(7'2:| =,

2.3)

(2.4)

where {_1,{ 2 are zeta-potential at the surfaces of the cylinders
Since the wall potential are assumed low enough for De-
bye-Huckel linearization to be valid, equations (2.3) and (2.4) in
dimensionless form become [12]:
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d2y

1 dy 2 _
ez Taar ¥ =0.
(2.5)
P =P =1, (2.6)

Velocity Profile

The momentum equation governing the flow formation of an
electrically conducting fluid in a horizontal concentric cylinder
is obtained from the Navier-Stokes equation in vectorial form
as [20]:

Py (a +(v- V)v)——Vp+yv2v+peEz- +JXB o7

Considering a time dependent magnetohydrodynamically fully
developed flow in a concentric annulus, the above equation re-

duces to:
rhr f}dt[ r}u aﬂ} 1 dl,{l
r}r] Veff arz ' rar. ,rﬂ + ( r dr / E

(2.8)
subject to the following initial and boundary conditions:
ulr,0) =0, ulr,n)=A, ulr,n) =8

2.9)

where v is the kinematic viscosity, K is the porosity of the porous

material, and A,B are constants which assume 0 and 1 for differ-

ent physical situations as follows:

5. The paragraph before (2.10) “where m’ is appositive interg-
er...” should be completely removed.

6. Equations (2.12) and (2.13) should be corrected as:
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CASEI A=1B=1 motion of both cylnders
CASED A=1.B=0 motion oftheinner cylnder only
CASEIII A=0.B=1 motion of the outer cylnder only

CASEIV A=0,B=0 static cylinders

(2.10)

Using the following dimensionless parameters on equations
(2.8) and (2.9), we have [3, 4, 22]:

2T 1M artzigg? K vy
] 6 =taEs Da=ny =

(2.11)
10U_ 2y 1au M*Da+1 u 1G
yar “\arz T RaR) | ypa |V Ty ¥

(2.12)
subject to:
U(R,0) =0, U(1,t)=A4, U(ALt)=B.

(2.13)

Mathematical Solution of the Problem

It is important to note that the electric potential equation is ob-
tained from the Poison equation and therefore only the steady
state solution is possible. Hence the solution of (2.5 and 2.6) is
obtained as:

7.In equation (2.14), (R) is missing i.e P(R) = C,1,(kR) + C,K; (kR),
(2.14)

8. Between equations (2.14) and (2.15), the I_0,K 0... should
be “I_0,K 0 are Bessel’s functions and C_1 and C_(2 )“are
constants defined by:

9. Equations (2.17) and (2.18) should be:

where I 0,K 0 are Bessel’s functions and C 1 and C (2 )are
constants defined by:

_ {rlplcd)=Ig (k)
Kol )—lo (Ko (k1) ™ 015)

P Ko () —{, Ko (kd) .

U™ Ja (et ) (e —lo (i hKo (ied)” 2
Using the LT approach, analytical solution of equation (2.12)
with condition (2.13) can be obtained:

LUy, )] =TU(Y,5) = [, U(Y,t) exp(—St)dt, S =0,
(2.16)

Applying the Laplace transformation of equation (2.12) on
equations (2.12) and (2.13), we obtained:

Equation (2.17) with conditions (2.18) are solved to obtain fluid
velocity in terms of modified Bessel’s function as:

i _ (M*+5)Da+1 (M2+5)Da +1
U(R,S) = Gl (R || +a )+C4Ku (R || e )+

where:

GDalCy Iy (xh )+ K (kR)]
S[(M? +8) D +1-x7]

(2.19)

Co= [(M?+8)Da+1-n 2] [AKy (A8 ) =B Ky (8)]—GDa [{, Ky (26 ) =Ky (8)]
a7 S[M2+8)Da+1—k21[Kq (82 Mg (8)—Ko (8)1g(82)]

c _ [(M2 48 Da+ 1k 2Bl (6)—Alg (46 ] —GDa [lg (8 )= Jg (16 )] 5= (M2+5)0a+1
4= STIM245)0a +1 -k 2 |[Ky (52 Wg (8)—Ky (83 (62)] =5 yDa

The transient skin frictions at the outer and inner tunes are re-
spectively obtained as follow:

(2.20)

__dIRS) e " " GDak [C1ly (ed—Cz Ky ()]
T=" |, = OlGH(8) — GK(9)] + SIMZ+S)Dati T @210
__dU®S) e . . G Dak [C 1) (Ar )= Ky (k)]
=" B=i 81G; 1 (A8) — Cok1 (A8)] + S[M248)Dat 1-1c?] @22
Also, the dimensionless transient mass flux is given by:
Q = [ RURYAR = 2[41,(28) — 1, (8)] — % [AK1(26) — K (8)] +
GDua
SIME +5)0a+ 1-x?ln [C] (Al (k) — I (k)] — Cy[AK, (AK) — K](K)” (223)

The solutions obtained for flow formation from equations
(2.19 — 2.23) are in Laplace domain. Due to the complexity
of the solutions, we employed the Riemann-sum approxi-
mation technique [27-29] to transform from Laplace domain
to time domain. In this technique, functions in the Laplace
domain, U (R,S) can be reversed to time realm by single
summation:

%E'(R,s') 4 Rez E(R,z' + ?) (—1)"] 1<R <1 (2.24)

n=1

Et

U(R, 1) :EL

where Re denotes to the real part of i=V(-1) , m is the num-
ber of terms used in the RSA and ¢ is the real part of the
Bromwich contour. The RSA for the inversion involves a
single summation for the numerical process. Its correctness
depends on the value of €' and the error led by m. Accord-
ing to Tzou, the value of &t that best satisfied the result is
4.7 [28].

Results and Discussion

This work is dedicated to investigate the effect of electric po-
tential, applied magnetic field and porous material on Couette
flow formation of a conducting fluid in a horizontal annulus.
Before establishing the role of various governing parameters, it
is expedient to first check the accuracy of the solution obtained
by comparing with published article in literature in the absence
of externally applied electric field. Table 1 presents a numerical
comparison between the present work velocity with those of Jha
and Apere in the absence of electrokinetic effect (G=0)[22].

ail | 140 7 [[M2+s)uu+1] _ Gl (eR Gy Ky (er )] From this numerical computation, an excellent agreement is
dR? " R dR rhu a s ; found.
(2.17)

Subject to
_ _ (2.18)
U8 ==% U@&S)=:.
10. Finally, equations (2.21) —(2.23) should be:
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Table 1: Comparison of velocity profile obtained versus those obtained by Jha and Apere [22] for M=2.0,t=5.0,A=2.0.

K=0 K=0
R Jha and Apere [22] Present work (G=0) Jha and Apere [22] Present work (G=0)
1.0 0.0000 0.0000 0.0000 0.0000
1.2 0.7230 0.7230 1.9539 1.9539
1.4 1.4484 1.4484 3.1635 3.1635
1.6 2.3077 2.3077 3.9571 3.9571
1.8 3.4363 3.4363 4.5281 4.5281
2.0 5.0001 5.0001 5.0001 5.0001

To evaluate the role of governing parameters such as De-
bye-Hiickel parameter (x), Hartmann number (M), annular gap
(1), magnitude of electric potential (G) and dimensional time
(t), we typically used the values of the physical parameters that
have been utilized in previously published work in electrooso-
motic flows [26]. For computational purpose, in this research,
0<k<10 to analyse the physical situations ranging from thin to
large EDL, the zeta potentials at the walls are assumed over 0<C_
<1, and 0<M<5 for Hartmann number. In addition, figures with
black lines signify the case where both cylinders are stationary
(A=B=0), figures with red lines mean the case where the inner

cylinder is moving while the outer is stationary (A=1,B=0), fig-
ures with green lines represent the case where the inner cylinder
is static while the outer is in motion (A=0,B=1), and figures with
blue lines mean both cylinders are moving (A=B=1).

Electric Potential

Fig. 2 depicts the dimensionless electrostatic potential in the an-
nulus as a role of . The EDL potential is found to be higher at
the walls owing to the applied external voltage at the surfaces of
the cylinders.

Figure 2: Electric potential for different values of { r

Also, as the zeta potential at the outer surfaces of inner cylin-
der leaves asymmetric state, ({_r#0), the electric potential in the
annulus gradually changes form a linear function to a parabol-
ic function. This scenario can be attributed to the zeta-potential
supplied at the surfaces of the cylinders. Furthermore, the least
electric potential is felt towards the centre of the annulus for the
case of symmetric wall zeta potential.

Velocity Profile
This sub-section is devoted to presentation of velocity profile
results for the current problem.
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Figure 3 examines the impact of dimensionless time (t) and on
velocity profile in the annulus for the cases when no motion of
cylinders and at least motion of one cylinder. Fluid motion is im-
proved by dimensionless time throughout the annulus and attain
steady state solution for all cases considered. It is also obvious
that the boundary layer is clearly observed for the case when
both cylinders are in motion relative to other physical situations.
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Figure 4: Velocity profile for different conditions and

Figure 4 shows the role of EDL size on flow formation in be- have increased the kinetic energy and hence leading to decrease
tween the cylinders. It is found from this figure that fluid veloc-  in fluid velocity in the annulus. While the case of fixed boundary
ity decreases with increase in EDL length. This is because in- shows a maximum point around the middle of the boundary lay-
creasing k, decreases the EDL length and therefore reducing the er, the case when both cylinders are moves results to minimum
impact of the externally applied voltage gradient which should point at the middle of the boundary layer.
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Figure 5: Velocity profile for different conditions and Da

Figure 5 illustrates the fluid velocity as a function of Darcy num-
ber (Da) for different physical situations. It is obvious from these
graphs that velocity increases as Da increases regardless of the
case considered. This is credited to the point that rise in magni-
tude of Darcy number increases the porosity of the porous mate-
rial thereby increasing flow channel. Overall, fluid velocity when
either of the cylinders is moving behave in the same manner.

Skin-friction

This sub-section is dedicated to investigating the impact of
electrokinetic effect, Darcy number and Hartmann number on
time-dependent Couette flow in a horizontal annulus filled with
electrically conducing fluid. The study of shear stress continues

to gain significant attention due to its engineering and techno-
logical applications, such as; high speed jets, construction of
bridges and dams.

Figure 6 exhibits the joint role of magnetic field (M) and Darcy
number (Da) on skin friction at the outer surface of inner cylin-
der in the presence of EDL. Result indicates that skin-friction
increases with Da irrespective of the physical situations consid-
ered but decreases with surge in M. A careful look at the fig-
ure advises that skin friction can be reduced to nothing in the
presence of very strong magnetic field (M—o0). This could be
attributed to the Lorentz force acting perpendicular to flow for-
mation which in turn retards the friction at this surface.

(%]
TTT
1]

7T

-5

Figure 5: Skin friction for different conditions, magnetic field and Da
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Figure 6 further analysed the combined impact of magnetic field
and EDL size on skin friction at the outer surface of the inner
cylinder for different physical situations. It is found from this
figure that skin friction at the surface decreases with increase
in « for all cases considered. This is expected because rise in k
signifies a thin EDL and therefore reducing the collisions in the
horizontal annulus and hence reducing the force at which the
electrically conducting fluid hits the outer surface of the inner
cylinder which results to lowering skin friction at the surface.

A watchful look at these figures recommends that as kK,M—o0
(which corresponds to no EDL with no magnetic field), elec-
trokinetic effect plays no role in the overall skin friction at the
outer surface of inner cylinder irrespective of its magnitude.
Overall, while the skin friction when the outer surface is moving
and inner surface is fixed has the highest skin friction amongst
the considered cases, other situations have relatively comparable
values.

Figure 6: Skin friction for different conditions, magnetic field and k

Mass Flow-rate

Another distinctive analysis in the study of microfluidic is the
computation of the total fluid passing through the horizontal an-
nulus in the fully developed state. Figure 7 portrays the mass
flowrate for diverse values of M and « at different time in the
horizontal annulus for the case when the cylinders are either
static or moving. It is observed that the amount of fluid contin-
ues to increase with k. This may be attributed to the continuous

declaration of fluid velocity caused by increasing k. Then again,
the mass flow rate is observed to be a decreasing function of
Hartmann number (M). It is easy to conclude that for K=0 in the
presence of strong magnetic field (M—), there may be stop-
page of flow formation. This can be attributed to the Lorentz
force acting perpendicularly to flow direction which would have
been strong enough to stop flow formation as well as mass flow
rate.

Figure 6: Mass flow rate for different conditions and k
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Figure 8 also displays the effect of Da on mass flowrate in the
horizontal annulus for the case of symmetric zeta potential. It
is obtained that mass flowrate increases with Da regardless of
the physical situation considered. As k—o0, electrokinetic influ-
ence plays no role in the overall mass flow rate regardless of

the magnitude of the EDL, thereby corresponding to the results
of absence of externally applied voltage (G=0). The maximum
flow rate is found when both cylinders are moving relative to
other physical situations.

0.3

0.2

1215

Jos
0.6

04 %gﬂ
4

5

Figure 8: Mass flow rate for different conditions and Da

In general, it is found that the consideration of different moving
or fixed cylinders did not distort the impact of any governing
parameter on flow formation, skin friction and mass flow rate
but rather acts as incrementor.

Conclusion
The time-dependent Couette flow of a conducting fluid in a hori-
zontal annulus with combined role of electrokinetic, Darcy num-
ber and accelerated motion of outer cylinder is considered in this
article. The governing equations are presented and changed to
their various dimensionless forms by means of fit dimension-
less parameters. Using Laplace transform technique, analytical
solutions for electric field and fluid velocity are obtained. Based
on the graphical represented of the obtained solutions, the sub-
sequent inferences are drawn:

1. Velocity, mass flowrate and skin-friction decrease with in-
crease in Debye-Hiickel parameter at all-time regardless of
the physical situation considered.

2. Rise in magnetic field result to corresponding decrease in
fluid velocity, mass flowrate and skin friction.

3. The combined presence of strong magnetic field and De-
bye-Hiickel parameter can lead to no flow formation and
consequently zero skin-friction at the outer surface of inner
cylinder.

4. Motion of the cylinders can serve as control mechanisms to
lower or enhance the mass flow rate and skin friction in the
flow setup.
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