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Abstract

In this paper, we introduce a new modification of Baldzs-Szabados operators. We deduce a recurrence formula and
calculate the moments and central moments as main results for giving main theorems for weighted convergence. As
we investigate the weighted approximation properties of a new modification of Kantorovich type of Baldzs-Szabados
operators by using the weighted modulus of continuity and we provide the main convergence result for the weighted

estimation of these new operators.
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Introduction
In 1975, Bernstein type rational functions,
o = TRV s .
R fx)= = L= . lax) (n=1,2,..)
(I+ax] w0 | b, \ k)

Introduced and investigated by Balazs, see [1]. In this defini-
tion, is areal and single-valued function defined on the interval
[0-).a. and are real numbers that have been appropriately cho-
sen and are independent of f'Seven years later, in 1982, Balazs
and Szabados worked together to enhance the estimate in [1] by
select-ing appropriate parameters and under some restrictions

for f(x) see [2].

Several researchers have recently investigated various q - gen-
eralizations of the Ba-lazs-Szabados operators [3-7]. A new
Kantorovich-type analogue of the Balazs-Szabados operators is
defined by Hamal and Sabancigil in [8] as follows;

R 702 |_q=.njfif [¥] + 4t

lar. M
where f:[O;:c]—) . qE[CI:l]:a_:,=[n]j_l=b_:,=[i?]:= D<=

xz=0,

roalgox)= m[fl‘l (ax) 1;[ [l+[l—q][5]; ax|
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When compared to the various analogues presented in (1), these
newly developed operators offer certain advantages. The first ad-
vantage is that they are positive for all continuous and real value
functions without any restriction on The sec-ond advantage is
that they may be used to approximate integrable functions as well.

Due to the rise in studies of sequences of linear positive op-
erators, with their modifi-cations being most significant in ap-
proximation theory, so many researchers have defined and in-
vestigated various types of operators. In this paper, we modify
Kantorovich-type of the Balazs-Szabados operators by using a
parameter greater than 0 replacing within the operators , which
maintained the positivity and linearity of the new sequence de-
fined in the next section.

Before stating the main result of these operators, we give some
notations and con-cepts of calculus.

For each nonnegative integer the analogue of is given by
1-q

) [n],=1+q+¢" +.4q" +q"" ={1-¢ st (0], =0,
3" n if g=1
and factorial coefficient is defined by,
[n] 1= [n]q [n—l]q...[l]q if neN-{0}
4 1 if n=0
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binomial coefficient is defined as;
e
k], [k]'[n-k]"

the analogue of (x-a)" is defined by the polynomial as following,

(x—a}:;:ﬁ(x—qja) and (x—a):=l

=0

(k,n ell” and [}Skﬁn),

For the Gauss’s binomial formula is given by

N " n J-1 .
(x+a)q =Z{ } qg ? a x"7.
‘] q

j=0

The integral (the Jackson integral) of the function is defined by
[ F(0)d=b(1=) 3 1 (b’ )a’, 0<q <L, b>C

Also, j’lf(t)dqt=}f(t)dqtfjf(t)dqt, O<a<b.

More information about g-calculus can be found in [9, 10].
Let B,[0,0)= {f:[O,oo) = R:|f(x) SMf(1+x2)} where M ,

where 1is a constant depend on the function and
/5 G [0,%)=B,[0,2)C[0,0)

c;[o,oo)={fecz[o,oo);y£{+(iz <oo} fEC;[O,OO)

The norm of any

I (=)

#(x) The modulus of continuity of on a closed

L 171, =sup
isgivenby =" =

a>0

and bounded interval [O’ a], is defined as follows:

@, (/>8)=su sup |/ (1)=1(x)

e(C,|0,o),
/eGl0x) the modulus of continuity

It is obvious that for a function

%(f,é‘) tends to zero & — 0.

Construction of the Operators and the Recurrence Formula

Definition 1. Let 0<¢ <l and n€ll for f€C[0.0), ynq for 4

new modification of Kantorovich -type of Balazs-Szabados op-

erators be introduced as follows:

[k]q +q't
b

¥, (f,x)=im(q,x)if[7]dqz,

k=0 0 n

>0

where bn=[n]:,0<ﬁ£§, nel,x>0, bu=["]f’0<ﬂ5§’

nell, x>0, and

1 n P n—k-1
\X)=— a, 1+(1-g)[s] a,x)
(0= ) 0 TT (0~ 20
For A=1, these polynomials reduce to a new Kantorovich-type

analogue of the Baldzs-Szabados operators defined by Hamal
and Sabancigil see [8].

In addition, for the results coincide with the results for g-BSK
operators defined by Ozkan see [5].

Page No: 02 /

www.mkscienceset.com

In the next lemma, we give the recurrence formula that is needed
for the evaluation of the moments of new modification- Kantor-
ovich type of the B-S operators.

Lemma 1. For nel] xe[O,oo),meD*u{O} and 0 < g <1 we have

&) -5 o o e e R

=) e [a(m-j)+] =
Proof. By direct calculation, the recurrence formula is obtained
as follows:

. n LTkl + kz). m
R:)q (:’";x):z Tk (q;x)![uTq] dqt,
0

k=0 n

with the assistance of the binomial formula to ([k]e Tt ) and
the evaluating of the integral as follows:

(m—j)k J
q" " [K],
b" [Z(mfj)Jrl]q

£ () =nten 3 )

k=0 j=0\J

J

_ m o m ; n (=) @
_E[J[A(m- =S e (4:%)

m—j k];

L] m l n ,ﬁ—+ ~ ) i
_;‘=0[jjmk=o(q 1 l) " n,k(fi’s)

n wr x
k.u(b,,)”" i (a.%),

Since the last summation is qu (tw ;x) then we obtain

n

RS e e )

= m—j)+l]q W

So, R:‘ . (Im ) x) is a polynomial of degree less than or equal to min (m, i’l) and
1
i -j)+1
B [a(m=j)+1],
In the following lemma, we give Ri . ( b ;x) for the monomials f (t) =",
m=0,1,2,3.

>0, j€{0,1,2,..m}.
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Lemma 2. Forall nell , xe [O, 00) and () < g <1, we have the following ties;
R, (Lx)=1,

2 x 1
R (1 ( x)= q

[l+1] I+ax [ﬁ+1]b @

fI["_lL 47 +q’ +q ( x JZ

4q3+5q2+3q( X j

an( > ) [n]q [}b+1]q[)},+2]q l+anx [}L+l]q[i+2]qbnkl+anx
1

SN ) AU P JONC G M
Rn.q(t’x){[j+3]q+[ﬁq+2]q+[l+]] ] [,,] [1+ax]

+[(q-1)2(q2+4+1) 34(°-1)

DD
(g +g-1) 2+glaln-l( x V| g'-1 3¢°
[2+1],5, 5 [n], (l+ﬂﬂx] ! [2+3],5] [,t+2] b?
3g 1 x 1
[4+3Lb bz}1+ax+[,1+3] b’
P G e Y 3]{ 4g-1)’, 6(g-1)
e [n]] [+4]  [2+3],  [4+2],

=)

[n-1],[
{q[ﬂ;f]q[[[h-zl’ +[/1+]]q +])+

[,l+]]q [’1"'21,
q'[n-1],[n-2], [ 4[2+2],4(q +[/1+3]q{q—1)3 [ 5 ]’
[n] b, [l+3] [i+4]q l+a,x

- 2 3 2
+{ n 1L(3+3q+q )+4q[n IL(q +2q +q+1)

4([41,-3) . 6(¢-1)([2+3], -2]]

[ﬂ]qb:‘ ;+|] Lb

+6qz[n—]]q [{q—l)3+2(q—l)+q ] 4q°[n- ]] (!}' _[)
[4+2] [n], & [4+3],[n], &0

Main Results

By using the linearity property of the operators and Lemma 2,
we obtain the central moments of these new operators and at the
same time, we give their esti-mations in the following Lemma.

Lemma 3. For all nell and 0<g<l

estimations;
(R:lw ((t—x);x))2 < 2 - {([”L ([l+1]q (1+a"x)—2q))2+1}, xe[O,m)

(b,,[z+1]q)'
2 x+ﬂ:b"I4
Riq((!—x)';x] < %{[i+;l‘bﬁ +((1+ahx)2 )},xe[ﬂ,co)

* we have the following

Proof
By using previous lemma and linearity of R,

., 2 2 X 1 2
(RM ((I—x);x)) _{[;{,jrl]t‘r l+ax —x+[}l+ l].‘,r b"}
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2q x

2 l 2
ﬂ[[,nlL l+a"x_x} +2[[,1+1]qu]

<2 (Zq_[“l]")x X —x2+2[ I ]2

[/1+1]q (1+a,x) l+ax [/1+1]q b,

([A] +q)'—2q)x 2 2 ’
< b + T +2[ 1] J

b, [A+1] (1+ax) Leax| T\ [2+1] 5,

[n], (4], 74" ~24) ax

b [A+],

n

b, ax 1
+L +2
(l+a"x) b, 1+ax [,?.+1]’1r b

2
b_n a"x2 D) 1
(l+a"x) b, 1+ax [’IH]:; b,

< 2 {l_q,’([ﬂ]q+q}'—29)+7[i+l]q(l_g")a x]2+1

(b [4+1],) |14 - 7

], (14, +4' -2)

b, [a+]],

o e e e )

For the estimation of, R,’:q ((I —x)2 3X ) ,

R:x; ((I -Xx

oy
-
~

Z F, (q,x) i’[ : 4 +[Z’i_x] dqt

S2k Ly (4:x) j(

o

422 o (g.x) qz"sz‘dﬁzzrﬂ q’x)I[[b_— ]
%],

u
< 22}‘"1 (q,x) [/T. 2] = ++22rﬂ (q,x)(
Now, by using formula of RMr ((t —x) ;x) . so get

‘ 2 x+a*bh x*
R ((1—xVix) < 2 gl
...q((r x) ,x)<[g+2]qbf+ [b"(l+a,,x)2]

Theorem 1. Assume that g=g, satisfies 0 < q <1. For each con-
verges to uniformly on if and only if

Riq (f, x) converges to f uniformly on [0, a], a>0Qifand only if ¢, — 1
as n—» oo,
Proof. Assume that g, —>1as # — o0 and @ be a fixed greater than 1.

We consider the lattice homeomorphism T : C[O, 00) - C[O, a] defined by

J Mat Sci Apl Eng 2024



T ( f ) = f[“]‘ it is obvious that

(R (1) 10 TR, ()10 T (R (7.0 -7 ()
uniformly continuous on [0,&] , 50 we can see that Cz. [0, 00) is isomorphic to
C[O,l] and the set{l, f, tz}is a Korovkin set in C;['[],

to the known-Korovkin property (Them 4.1.4 in [1], we have
lim R (f ,x) = f(x) uniformly on [0, a] . We assume that by contradiction
ne i

00). Therefore , according

g, doesn’t converge to | s 1 — <. Then there exist subsequence g, € (0,1)
such that limq"J =CE[0,1],and is it clear that q,':: —1 as n—o0. Then
n—=xn

from equation (4) in Lemma 2, we have

2q X 1
Rﬂ. S "
2 53)=x [i+1] Tea r [+ b,

We may see,

Riq(r;x) X

=X, fnrxe[(),oo)

=0 as n—oom,

2c
[A+ 1]%.;
This implies to contradiction to lim R? ( fx)=r1 (x) uniformly continuous on
P

compact set on [0,00) , that is the result desired.

Theorem 2. Let 0<g, <1, f€C, [0,00), a>0 and

0,.(f.5) {sup 17(0)-

ity on [0,a + l] [0,00 , then we have

R, (f:x)=f(x)

<|RZ, (f.x)-f(x)|<Ln,(a)+ o, (f.5),

2, .4
1 +(x+anbnx )}

[A+2],6 " (1+a,x)

[0.q] ~

#(q,.a), ¢(q"=ﬂ)={

and L =4Mf(1+a2),,

where 77, (a) = b2

M

Proof. For xE[O a] and t >b+1, since £ —x >1, we have
£ (6) =1 (x)| <M (2457 +27)
<M, (2(t-x) +3¢° (-x) +2(t-x)))

< Mf (4+3x2 )(r—x)z
s4MJ,(14-::2)(:—;@2 6)

for xE[O a] t<a+1, we have

‘f ‘ m:nl(f! - )

f—
(1+| 5 |] 0,.(f9) )
So, with § > (), ).'E[O,b], t =) and by the inequalities (6) and (7) we may write
£ (1)~ f (x)| <4M, 1+ )(t-x) [“lTl] @,,(f.6),

by applying R,
Schwarz Inequality, we obtain

(o 1) (-5 102, (2 o 10,

to the above inequality and by the well-known Cauchy-

|R:_q"{f,x]f(x]|<4Mf(l+al)R:_¢K((tx)z,x]J{lJr:s(R:_ (-7, ])] L(£6),

by using first result of estimation in Lemma 3,
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x)| : ‘t —xl < 5} be the modulus of continu-
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2 4
(x+a,b.,.7")

(l+al,,‘%3c)2

. 2 1
R ((i-x) .x)<—— f 0
o ((t XJ vx) : bn“?n {[’14'2]4. brr-q» " }, o E[ ,a)

as a result,

R (7)1 40 (140 (0120 @) o (7.0),

now, by taking & =, ’?7" (a) we get the desired result.

Weighted Approximation
Let B, (I_I +) be a weighted space of functions f (x) definedon || * =[0, oo)

and satisfy the inequality | f (x]l < Lro'(x), where o'[x) represents a weighted

o’(x)Zl and L repre-

sents a positive constant depending on f.. The norm of each function f € B, (U : )

\f\

function that is continuously increasing on [ * =[0,oo),

is given by H f H = Sup . We consider the following spaces:

C,[0.0) ={f:feBﬂ [0,20) and £ is continuous },

c;[o,w)={

Remark 1. Let a’(x) be a weighted function such that O'(JC) =1
and the below inequality
g (O',x)‘ < La(x), L >0, is satisfied. Then we can say that

f:f€C,[0,») and l1mf(x)<oo }

Ho(x)

the sequence of positive linear operators (R,’r‘ q) | acts from C_ [0,00) to
iz
B, ['U, 00), for more information see [14].

In the next theorem we investigate weighted approximation theorem for {R: q}

“ Ine

Theorem 3. Assume that § =¢,, satisfies 0<g, <1 and g, > 1as n >,
Then for each function f [= C; [0, OO) , we have

R (701 ()], =0

Proof. By using the Korovkin type on weighted approximation in [12], it is suffi-
cient to satisfy

lim

m—pa

lim

=y

=0, for m=0, 1, 2. (8)

R} -x"
Since wa (l;x) =1, holds for m = (. By helping of Lemma 2, we have

R (o) et e X

[+ b, +[,1+1]q lva,x

1 (2%'[“‘]‘,,){( 4, ]

= +
[}L + l] b l+a x l+a x
g, ned, n.g, ng,

By applying triangle inequality, we have
. ([2+1, -20.)x 4,
- + Z
[/7- + 1]% b,,‘q,ﬂ [ﬂ + ]]q“ (1 +a,, x) (1 + awnx]
For p(x) =1+x%, we obtain
| ((+1], -2q,)x

1 a,, X
+ +
oo = ol (%) plx )[[/Hl]qﬂ by [241], (1+a%x) (1+a%x]]

R:_q“ (r; x) —x‘ <

||R,,q xx x||

J Mat Sci Apl Eng 2024



< 1 1 +([’1+1L‘,‘2%)5u x
] by otep(x) (A1), o p(x)(144,, %)
x2
+a,, sup

p(x)(l - aﬂ‘q"x) ’

now by taking the limit overall last incqua]iry, we have

D<o

R, (t:x) x”_h +lim(1_q”)+llma =0
Hx[m] b, [A+l] e

In n

lim

A=y

As a result, we get
R (t:x H =
g, ( ) (%)

Again, by using lemma 2, we have

lim

n—sa

. 1 4q’ +5¢> +3q, x
R 2, S n n n
.r.r.w.(I x) o [,‘L+2] . b"[,1+1]% [/‘{.+2]% l+a,, x
»["‘l]q, Ap+qi+q, X
[n]% [/‘1.+1]q“ [,2+2]% (1+ﬂn‘q"x)2
1 4q’ +5q +3q, x
[,1+2] ., Db, [,1+1]% [/1+2]h l+a,, x
d, ["‘ 1]% 4’ +q’ +q, 1 C1lye
[n], [2+1] [2+2] (1+an‘qwx)2
Therefore,
. (e > 1 4q, +5q, +3q, x
R —x°|=
‘ s (£53) =] [2+2], b2, b, [2+1], [4+2] l+a,,

o d4,%q,+q, X'
[n]% [2 +1]h [).+2]h (1 +amx)z

49, +q; +q, 1

[.1+1] [-‘?-+2] (1+a"‘%x)2 "
Then, we have
: 1

Bonoa (53) =] < [z+2] B, oo 14X
44,59, +3q, X o 49,+4,+4,

b [A+1], [A+2] onte(1va,, x)(1+x) [n], [A+1], [A+2],
X sup ¥ + sup x

“5“”(1 + am_r‘rnx)2 (1 + xz) f<x=e (l+ aﬂ‘%x)2 (1+x2)

__%4,44,+4, x*
[/1 + 1]% [ﬂ. +2]% 0= xaon (1+an‘q~1’)2 (1+x2].

Now by taking the limit overall last incquality we have

i 2 . 4(3?ﬂ -+—54'.?,l +3q,
lim| £, (¢*5x)-x <-lr§51[)1+2] B, be[lu] TA+2],
Aty i 4+,
"—m[n] [1+;1] [;L+2] im [1+,1] [A+2]
Hence,

o x)=l+x?

:‘qﬂ (tz;x)—le

Now, we present the next theorem to approximate all functions
in©[>=)}This type of result is given for locally integrable func-
tions. These types of results are given in [15].
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Theorem 4. Let0 < g, <1, g, — 1 as n — oo, Then for each C, [U,GO) and all

li A |
S (L)

v >0, we can obtain

L ()1

Proof. Let x, € (0 oe) be arbitrary as a fixed. Then

xefo.z)

4 () S ()
(1+ ) x<x,

R (707, R (720) - ()
(1+x7) " en (14a) "

R, ((1+r2)f;x]—f(x)‘
(1)

@)

R ()10 0

re[0.2)

Now, by definition of the norm of each function in C; [0, 00) , we have

‘f(x)l = ‘lf”2 (1+.\:2), also, we have sup

e Wl bk
””U(l+x2) (l+x2] [1+x§)

Then, let & > 0 be an arbitrary. We can choose X, to be large that

17, e

m(g (10)

By theorem 1, we get

)T (1ee)”

R,i% ((]+.r2 ),x]‘ B

1+x?

I, _ 1 e
< (1ex) 3

<
fll (1+

Using of theorem 5.7 page 168-169 in [15], we can see that the first term of the ine-
quality (9)
implies that

R, (£:)=1 ()]

on] <30 B ® (11)
%

By taking limit over 1n::qua]lry (9) and combining (10) and (11), we get the result.

Conclusions

In this paper, by using the notions of calculus and weighted
modulus of continui-ty we study weighted approximation prop-
erties of new modification of the Ba-lazs-Szabados operators.
We provided a recurrence relation for these new operators, and
then used this recurrence relation to establish the moments up
to the fourth order, as well as estimate the central moments. We
discuss the rate of convergence for these operators and we give a
Korovkin type theorem for weighted approximation.

References

1.

2.

www.mkscienceset.com

Balazs K (1975) Approximation by Bernstein type rational
function, Acta. Math. Acad. Sci. Hungar 26: 123-134.
Balazs K, Szabados J (1982) Approximation by Bernstein
type rational function II, Acta Math. Acad. Sci. Hungar 40:
331-337.

Dogru, O (2006) On Statistical Approximation Properties
of Stancu type bivariate generalization of Balazs-Szabados
operators. Proceed-ings. Int. Conf. on Number. Anal. and
Approx. Theory Cluj-Napoca, Romania 179-194.

Ozkan EY (2014) Statistical Approximation Properties of
Balazs-Szabados-Stancu Operators 28: 1943-1952.

Ozkan EY (2019) Approximation Properties of Kantorovich
type Balazs-Szabados operators. Demonstr. Math 52: 10-19.
Ispir N, Ozkan EY (2013) Approximation Properties of
Complex Ba-lazs-Szabados Operators in Compact Disks.
J. Inequal and Appl 361.

Mahmudov NI (2016) Approximation Properties of the
Balazs-Szabados Complex Operators in the case . Comput.
Methods Funct. Theory 16: 567-583.

J Mat Sci Apl Eng 2024



10.

I1.

12.

Hamal H, Sabancigil P (2020) Some Approximation Prop-
erties of new Kantorovich type analogue of Balazs-Szaba-
dos Operators. Journal of Ineq &Appl 159.

Aral A, Gupta V, Agarwal RP (2013) Applications of Cal-
culus in Operator Theory. Springer, Chapters 1: 4-5.

Kac V, Cheung P (2002) Quantum Calculus. Springer-Ver-
lag, New York 5-33.

Ditzian Z, Totik V (1987) Moduli of Smoothness, 1st ed,;
Springer: Ber-lin/Heidelberg, Germany.

Gadzhiev AD. P.P. Korovkin type theorems. Mathem. Zam-
etki. 1976, 20, 781-786. Erratum in Engl. Transl. Math
Notes, 20, pp. 995-998, (1976).

13.

14.

15.

Altomare F, Campiti M (1994) Korovkin-Type Approxi-
mation Theory and Its Applications. de Gruyter Studies in
Mathematics, vol.17. Walter de Gruyter, Berlin, Chapter 3:
142-220.

Gadzhiev AD, Aral A (2007) The estimates of approxima-
tion by using a new type of weighted modulus of continuity.
Comput. Math 54: 127-135.

Gadzhiev AD, Efendiyev E, Ibikl (2003) On Korovkin type
theorem in the space of locally integrable functions. Czech.
Math.J 53: 45-53.

Copyright: ©2024 Hayatem Hamal. This is an open-access article distributed under the terms of the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original author and source are credited.

Page No: 06 /

www.mkscienceset.com

J Mat Sci Apl Eng 2024



