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Abstract
This article is devoted to the algorithm of intelligent positional-contour control of objects moving along a defined 
trajectory. In the process of positional-contour control of a multi-link industrial robot, the use of intelligent tech-nol-
ogy methods for planning a sequence of actions according to the defined coordinate trajectory and position of the 
manipulator handle on the example of moving objects is described. According to the tactical level of management, 
the problems of solving the right and inverse problems of robot kinematics and ensuring the flexibility of the ma-
nipulator handle based on the dynamic properties of the object were considered. In addition, a synthesis based on a 
mathe-matical model, as well as an intelligent control structure and algorithm based on neural network technology, 
are proposed to ensure stability in the movement of the manipulator handle along the programmed trajectory in the 
control of a multi-link industrial robot. The proposed algorithm allows positional-contour control systems to store 
the sequence of movements at initial positions along a specified coordinate trajectory of an industrial robot in a 
database and determine the optimal trajectory.

Keywords: Moving Object, Multi-Link Robot,  Adaptive-Positional Contour Control, Intelligent Algorithm, Neural Network Mod-
el. 

Introduction
Intelligent robotic systems and robotic technologies are wide-
ly used in modern manufacturing enterprises. Their efficiency 
directly depends on the correct selection of control criteria [1]. 
In recent years, much research has been conducted in this area. 
However, these studies are aimed at calculating the values of 
the trajectory   at discrete time positions   along a given coordi-
nate trajectory and controlling each link of the industrial robot 
separately [2, 3]. The motion control system of a multi-link in-
dustrial robot based on a fixed position is built depending on its 
adaptability to external influences and depending on its dynamic 
characteristics [4]. The motion control system of a multi-link 
industrial robot based on the set position is developed based on 
flexibility and dynamic characteristics to external influences [1, 
5]. Also, the control systems of multi-link industrial robots are 
divided into two types according to the defined coordinate tra-
jectory and position: positional and contour control systems. In 

position control systems, the values of the coordinate trajectory   
of the robot links executed at the previous position   are stored 
in the control system's database, which ensures the sequence of 
actions [5, 6]. In contour control systems, the trajectory along a 
given coordinate is evaluated based on the value of  . Often, in 
adaptive position control, when a program trajectory is given, 
the control system has the ability to operate both positional and 
contour systems. Ensuring the stability of the executive body 
moving along the program trajectory during the control process 
and synthesizing control algorithms are one of the urgent tasks 
[7]. To solve these tasks, it is important to develop intelligent 
control systems for multi-link industrial robot manipulators [1, 
3, 8]. This control method requires forming the program tra-
jectory of the multi-link industrial robot, performing kinematic 
synthesis based on the dynamic characteristics of the manipula-
tor handle, planning the sequence of actions, and creating intel-
ligent control algorithms.
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Research Methodology 
Usually, the solution of the inverse kinematic problem for multi-
link manipulators is reduced to solving a system of nonlinear 
equations, that is, if the kinematic equation is given in the form  

)(θfx = , we can express it by the following relation:
 							     

SqF =)( (1)

where  q  – is the generalized coordinate vector defining the 

configuration of the manipulator; −= TSSS ],,[ 61   is the vector 
defining the position and orientation of the manipulator handle 
in space.

As a rule, the solution to this problem is not unique, that is, each 
state of the gripper device corresponds to a certain set of config-

urations  }{ kGG = , Qq j ∈ ,   [1, 9]. Then, the sequence of states   
MkkS ,,1)},({ =  of the gripper device at the workplace 

corresponds to the sequence of the set of permissible configura-

tions  MkGk ,,1},{ =  of the manipulator as follows:

 kjjk gjkqFkSkqG ∈== ))},(()(:)({ ,

where −kg  is the set of indices for the  th allowed configura-
tions   at the  th position of the trajectory.
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where 11;,,1,)( −≤≤=∈ MsMkGkq k   .
For the case  1=s , the objective function K   represents the sum 
of losses  kr  in the sections between two consecutive cases and 
is defined as follows:
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where Mkkqkqrgmgj mjkkk ,,1)],1(),([;, 1 =+∈∈ + . Also, in 
the case of minimizing the total time, in expression (3), the fol-
lowing value can be obtained as a distance measure )(krjm  :

,/)1()(max)( max,,1 iimijNijm vkqkqkr +−= ∈ 

 
where maxiv  represents the maximum value of the velocity of the  
−i th link of the manipulator moving along the adaptive position 

trajectory [10].

The node configurations corresponding to the minimum value 
of the objective function K  are determined by the dynamic pro-
gramming method based on the recurrent (returning) relations 
based on the criterion for creating a program trajectory as fol-
lows:
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where  1,,1, −−−= sMsMk .

The problem of constructing an optimal basis for a program tra-
jectory according to the distance measurement criterion in equa-
tion (3) is reduced to the problem of finding the shortest path in 
a certain sense among the allowed configurations, which path 
starts from the handle position  , since the initial positions are 
usually given exactly [1, 11].

Denoting the minimum path length from lq  (1) to )(kq j  by 
),( jkK , we can write the connection based on the boundary 

condition   as follows:
	  

1,,1)],,()([min),1( −=+=+ ∈ MkjkKkrmkK jmgj k
 . 	

		
As a result of solving equation (4), the values of the function    

),1( mkK + are obtained (where 1,,1, −=∈ Mkgm k  ) and 
the array )}1({ +ku  is formed [1, 12]. The elements of this array 
represent the numbers of nodes that belong to the shortest path 
to point ),1( mk + . The shortest path length )(MK  and the index of 
the last node corresponding to it are determined based on the 
following condition:

).,(min))(,()( jMKMjMKMK
Mgj∈==

 
Solving the problem of building the optimal basis, which is the 
initial stage of building the program trajectory, is usually carried 
out at the final stage of planning manipulator trajectories, which 
consists of constructing and choosing the optimal path in the 
plan graph describing the structure of the working space of the 
manipulator handle [1, 13].

Software trajectory construction. The task of software trajec-
tory construction is to construct the law of change in time of 
the generalized coordinate vector T

Nqqq ],,[ 1 =  (i.e., the vector 

function  ],[)),(,),()( 01 TN ttttqtqtq ∈=  , which ensures the 
movement of the manipulator handle [14]. Several methods can 
be used to solve this problem, one of which is the method of 
constructing the program trajectory through a discrete approx-
imation, called the basis of the program trajectory, represented 
by a sequence of positions Mqqq ,,, 21   in a generalized coordinate 
space. A discrete approximation of the program trajectory can be 
obtained by solving the inverse kinematic problem, for example, 
using the method of feasible directions [15].
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where maxmax ii qv = , the maximum allowed tracking speed of the  
−i  th link.

The following expression is true for the control interval:
 						      (6)
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where −=∆ − ],[ 1 kkk ttt  represents the time taken to perform the 

movements from position 1−kq   to position kq   of the programmed 
trajectory.

The problem of interpolation of the programmed trajectory can 
be solved on the basis of approximation using splines.

In the spline mode of order  ),( tqS m , the following function, con-
sisting of a polynomial of degree  , exists on each of the intersec-
tion segments kt∆  :

kk

m

i

j
ikkm

m ttttatPtqS ≤≤== −
=
∑ 1

0
, ,)(),( ,	                          (7)	

		

this in turn must satisfy the following conditions — namely, the 
continuity of the function and the continuity of its derivatives up 

to order )1( −m  at the points of division  Mktk ,,1, = :

1,,0;1,,1),()( )(
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i
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	  .			    
In the spline mode, expression (7) in the form of a polynomial 

of degree m contains uncertainties )( jkamM +  and the continuity 
relations (8) form a system of equations mM )1( −  [1, 16]. It is 
possible to construct a system of missing equations by adding 
additional conditions to the trajectory generation properties of 
the program. The simplest linear spline function that satisfies the 
continuity conditions (8) can be of the form:
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 In this case, the total number of unknowns is  2M, and the con-
tinuity conditions are  )1( −− M . If the spline function values are 
required to correspond to  )(tq at M   points Mktk ,,0, =   then 
it becomes possible to fill in these )1( +m   missing conditions:
 
In this case, the first-order spline can be expressed as follows 
(Fig. 1, a):
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Figure 1: First and third order spline functions. a) first-order spline; b) third-order spline.

Given a variational problem aimed at finding a continuous func-
tion and its derivative )(tq  passing through the given points  

k
k qtq =)( , Mk ,...,1,0= , and by corresponding functional min-

imization, we can determine a program trajectory of the same 
type:

.))(( 2

0
1 dttqI

T

∫=
                                                                           (10)

 						    

Since the Euler equation for the program trajectory determina-
tion function given in equation (10) has the form  0)( =tq , the 
function   )(tq  is linear in each section [1, 3, 15].

The implementation of the structured program trajectory does 
not provide the required control quality, so it is recommended to 
use splines of the third order (Fig. 1, b).

Therefore, the problem of determining the control signal can 

be expressed as a variational problem of finding a continu-
ous first derivative function )(tq   that satisfies the conditions 

Mkqtq k
k ,,1,0,)( ==   and minimizes the mean square ac-

celeration functional along the trajectory as follows:

.))(( 2

0
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T

∫=
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For equation (11), which minimizes the root-mean-square func-
tional of the accelerations along the trajectory, the Euler equa-

tion has the form 0)( =tq I , and the program trajectory is deter-
mined by the following expression:

kkkkkkk ttttataaatPtq ≤≤+++== −1
3

3
2

2103 ,)()(
	

In this case, the number of uncertain parameters ka1   is equal to  
4M, and the number of conditions is  MM 2:)13( −−  is continu-
ous and generates the approximation conditions:

(12)
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The   continuity condition of the first derivative is as follows:

	  1,,1),()( 1,33 −== + MktPtP kkkk  	 ( 14 ) 	
	
(14) the continuity conditions of accelerations in the expression 
are determined as follows:

	  1,,1),()( 1,33 −== + MktPtP kkkk           (15)		
			 
The necessary boundary conditions for the movement of the ma-
nipulator in the specified position are derived from the necessary 
condition for the functional minimum in expression (11). In the 
absence of additional restrictions on positions along the trajecto-
ry, the boundary conditions will be as follows:

0)()( 3031 == MM tPtP 
	  	                           	

		
The condition of steady state at the initial and final points of 
the trajectory, as a condition chosen based on practical consid-
erations, imposes the following boundary conditions on the re-
spective velocities:

0)()( 30 == MM tPtP 
                                         (17)

						    

However, the boundary conditions in equations (16) and (17) 
are not required to be satisfied simultaneously only when using 
third-order splines [1, 16]. To solve the problem with constraints 
of the form (17) on the velocities of the manipulator motion, 
fifth-order polynomials can be used as approximations of the 
initial and final positions of the trajectory to compensate for the 
non-zero accelerations that arise:
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The functions in the form (18) ensure that the boundary condi-
tions (16) are fulfilled without violating the approximation con-
ditions (13), the continuity condition of the first derivative, (15) 
the acceleration conditions.

The parameters of the spline functions  MktP k ,,1),(3 =  are 
determined from the boundary conditions imposed on the corre-
sponding velocities (13), (14), (15) and (17) [1, 17].

The third-order spline functions MktP k ,,1),(3 =  can be ex-
pressed on the interval   as follows:
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where is  Mktth kkk ,,1,1 =−= − .

It can be seen that the spline (19) satisfies the constraints (13) 

and (15). For any values of  kD , its second derivatives vary con-
tinuously and piecewise linearly:
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The continuity conditions of the first derivative based on expres-
sion (14) allow us to obtain the following equations:
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The continuity conditions of the first derivative based on expres-
sion (14) allow us to obtain the following equations:

The boundary conditions for the velocities in equation (17) al-
low us to obtain the following equations for determining the 

quantities MDD ,,0  :
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In this case, the parameters  MktqD kk ,,1),(  ==  can be 
determined from the following equation:
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where is  10 == Mµλ .
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Once the values of  kd  are determined, the spline )(),( 3
3 tPtqS k=   

can be calculated [2, 18] according to expression (19).

After calculating the spline functions of the signals controlling 
the actuator for each movement link, the control duration in-

terval and the correctness of its division into kt∆  sections are 
checked. To do this, the maximum speed and acceleration of 
each function in each section are determined. If the speed or 
acceleration of the function in some time section exceeds the 
permissible value, the duration of this section is increased ac-
cordingly. Then the procedure for calculating the spline function 
is repeated for a new control interval.

(16) 

(18) 

(19)

(20) 
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Stabilization of program trajectories is one of the methods for eliminating the 
shortcomings of controlling the manipulator according to the program trajec-
tory  )(tqp

 values. This is control based on the principle of solving inverse 
kinematics and is expressed as follows: 

 				  
	                                                                                     (21)
Using the inverse problem of the manipulator kinematics in terms of  , ,q q u
, we determine the control law of the actuator mechanisms in the following 
form:

 
             	                                                                                           (22) 

where −pq  is the desired/program trajectory; ),,,( 0100 Ndiag γγ =Γ  

),,( 1111 Ndiag γγ =Γ     are  NN × , diagonal matrices;  0<ilγ , 

1,0,..,,1 == lNi ; ξ ′   – is the value of the vector  ξ , which represents 
the state of the manipulator and the mechanism in motion, and  ξξ =′  is a 
complete information form.

The problem of stabilizing the program trajectory is expressed as a system 
of equations that includes the dynamics of the manipulator and the dynamic 
equations of the actuators that set it in motion:

 					                                     (23)
where

;),(),( engineexecutionJqAqA ′+=′ ξξ
 

);,,( 2
1

2
1 engineNexecutionsNderivativeengineexecutionsderivativeengineexecution JiJidiagJ =′

        

;),,(),,( Π−−′=′ MMqqBqqB rξξ 

−ΠMM r ,  moments related to friction forces and external driving moments 
acting on the manipulator actuator;  

−−= Π NMu  dimensional vector of moments produced by the actuator mech-
anisms in the robot links; −− Nv  	  di-mensional vector of control 

signals; −),,( ξqqM NN   is an −N   is an   dimensional vector of loads in the ex-
ecution mech-anisms of robot links; −= ),,( 1 Njji dddiagD   NN ×  dimensional 
diagonal matrices related to the parameters of the actuator mechanisms in the 
robot links. 

Analysis and Results
Typically, transitions in the actuators of robot links occur much faster than 
transitions in the manipulator. According to the system of equations (21), e 

suring the asymptotic stability of the program trajectory  ],[),( 0 Tp ttttq ∈  for the 
manipulator dynamics is achieved by synthesizing a control algorithm. The 
complexity of such tasks is associated with the analysis of the current sit-
uation, processing, generalization and synthesis of large volumes of sensor 
data. This process requires making appropriate management decisions, i.e., 
the task of minimizing computational resources and, most importantly, time 
consumption is of great importance [1, 13, 19]. In particular, it is very import-
ant to apply the tactical control level of neural network technologies based on 
a self-learning model, which provides high speed and error correction in the 
control of a multi-link industrial robot manipulator by parallel processing of 
input signals. In this case, the difference between the current  goalgoal yx ,  
and target goalgoal yx ,  and target   positions of the multi-link industrial robot 
manipulator is minimized. In this case, deviations from the function approx-
imated to the initial and final points of the trajectory at a certain distance are 
taken into account (Fig. 2). At the same time, the presented scheme is based 
on the principles of tactical control level, and it involves solving direct and 
inverse problems related to the kinematics of the manipulator, as well as direct 
and inverse problems related to the dynamics of a multi-link manipulator. The 
minimization method used here is based on calculating the mis-
match in the generalized coordinates of the manipulator   and 
the initial and final positions of the trajectory and is expressed 
as follows:

	
 						                       
                                                                                                   (24)
	  				  

                                                                                                  (25)
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To determine the vector of a multi-link industrial robot at the 
specified coordinates, it is necessary to calculate the current spa-
tial position of the manipulator handle   parameters by solving 
the correct kinematics problem for each moving link as follows:

	 		           (26)

where xF , yF  ,  are the connection functions between the gen-
eralized and Cartesian coordinates of the multi-link industrial 
robot manipulator [1, 20]. This process )( 1NN   is performed by a 
neural network structure, which is based on the method of solv-
ing the inverse problem of kinematics by changing the weight 
coefficients of the links and the parameters of the neurons, and 
is convenient even for manipulators with complex kinematic 
schemes. The obtained values of the manipulator coordinates 
make it possible to form the function of errors (25). The de-
termination of the magnitude of the change in the generalized 
coordinate vector for the movement of the industrial robot ma-
nipulator handle along the target direction vector according to 
equation (24) is carried out using the same rightNN   and reverseNN  
neural network structure as the determination in the inverse ki-
nematics mode )( 1NN  . This proposed approach required special 
research to select the optimal method of systematic organization 
of the neural network designed to implement state changes of the 
manipulator lever according to the trajectory and position of the 
specified coordinates. We propose an approach for this based on 
the Jordan recurrent network (Figure 3). This approach is used 
to detect changes in each link in the control of a multi-link robot 
manipulator [1 ,2, 21]. It consists of a network with a recurrence 
and an output layer from the hidden layer, representing inverse 
kinematics in the hidden layer. Also, due to the memory capacity 
of the control system and the additional layer of nonlinear acti-
vation functions, the efficiency of approximation and prediction 
is increased. The Jordan network performs the tasks of recogniz-
ing time series, separating them into coordinates and positions, 
and classifying them into classes, calculating the values of the 
trajectory )( ktq   at discrete time points  rttt ,,, 10   along a given 

coordinate trajectory, and controlling each link of an industrial 
robot separately [1, 2, 22]. In addition, there are feedback loops 
formed through the context layer between the outputs of this net-
work and additional inputs, which allow us to ensure the asymp-
totic stability of the program trajectory in the form  ],[),( 0 Tp ttttq ∈  
in the dynamics of the manipulator and synthesize a control al-
gorithm. The following Jordan network is described by the fol-
lowing system of recurrent equations:

	  
,			                                                
or the equations can be expressed in matrix form as follows:

 		
	                                                     
where −)(nU  is the vector of external input signals at time n  in 
the control process;  −p  is the number of external input chan-
nels of the network; −)(nX   output signals of the hidden layer 
at    )1( +n  instants;  −N  signal discretization step in the context 
layer; −)2()1( ,, WWW c    external input signals, matrices of synaptic 

weights of the context layer and output layer; −)2()1( , BB   vectors 
of displacement weights of neurons in the hidden and output lay-
ers; −21, FF   vectors of activation functions in the hidden and 
output layers; −+ )1(nY   vector of output signals of the network at   

)1( +n  instants; −M   output channels of the network.

Figure 2: Generalized structure of multi-link industrial robot manipulator control by neural network model based on self-learning 
model.

(27)

(28)

(29)

(30)

(31)
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Table 1: Results of Jordan Recurrent Neural Network Structure Training Based on Self-learning Model
Number of 
neurons in 

intermediate 
layers

After 150,000 cycles After 250,000 cycles After 450,000 cycles
10

neurons
12

neurons
10

neurons
12

neurons
10

neurons
12

neurons

Training
Small 0.01266 0.01461 0.01090 0.01185 0.01059 0.01032

Regular 0.01309 0.01213 0.00903 0.00819 0.00905 0.007548
Testing

Small 0.01242 0.01313 0.01070 0.01049 0.01047 0.00907

Based on these mathematical models and the model in the robot 
manipulator control structure described in Figure 2, seven equal-
ly spaced sample points in the range of link angles ]2/3,2/[ ππ   
were selected for training the network. For three multi-link ma-
nipulators, this makes a total of  34373 =  combinations or pat-
terns. A larger, higher resolution training set was also prepared. 
It selected 13 equally spaced points in the above interval and 
formed a "typical" sample set of  219713 3 =  elements. In the 
following sections, these two sets are referred to as the “small” 
and “normal” sets, respectively. The network's interpolation per-
formance and test results show that the network should be able 

to interpolate correctly not only on the sample set used during 
training, but also on points in between. Therefore, it was tested 
on the test set according to the system of formation equations 
(26) for training based on the Jordan recurrent neural network 
based on the self-learning model described in Figure 3. In this, 
1000 randomly selected samples were generated in the inter-
val  ]2/3,2/[ ππ , and the generalization interpolation property of 
the network was selected for testing (Table 1). All neurons have 
a logical activation function applied, so their output values are 
only in the range [0, 1]. Therefore, all input and output data are 
scaled to this interval [1, 2, 23].

Figure 3: The structure of the Jordan network, which forms the basis of the self-learning model.

To calculate the vector of a multi-link industrial robot along the 
specified coordinates, the Jordan recurrent neural network was 
tuned according to the training equation for each movement 
link, using the current parameters of the current spatial position 

currentcurrent yx ,   of the manipulator handle, using the following 
general evaluation function:

 
where  −J  is the total number of examples in the intermediate 
layers; −j   is the index indicating the number of examples; 

jH    is the estimate of the amount of inconsistency of the −j   
th example, calculated according to expression (25).

Analysis of the data in Table 1 shows that the nature of the neural 
network training process largely depends on its structure [1, 2, 
17, 23]. Therefore, the state changes along the trajectory and po-
sition of the manipulator handle along the specified coordinates 
are determined by the adjustment of the synaptic connections 
between the layers of the neural network and their total number, 
organized in separate layers:

where −M   is the total number of synaptic connections; −I   
is the number of intermediate layers; −i  is the number of layers 
(links) corresponding to the links of a multi-link industrial robot;   
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The formation of an error function that allows the multi-link 
industrial robot manipulator to prevent collisions with external 
objects during the targeted movement of the handle is performed 
by another  2NN  neural network structure. In this case, to unify 
the base of links, the layer-by-layer organization of the neural 

network structure 2NN  is chosen to be the same as 1HC  . To 
simplify the training process, ),( derder yx   is taken as an input as 
a measure of the distance between the obstacle according to the 
specified coordinate and position. In this case, the value of the 
allowed approximation angle derϕ   corresponding to the obsta-
cle of the manipulator along each link of the generalized coordi-
nates of the robot kinematic chain  nrigtrigtrigt ϕϕϕ ,,, 21   is given 
as the basis to the output neuron.

The advantages of this algorithm are that it is possible to adjust 
the control parameters and ensure stability even when the learn-
ing rate is higher than the permissible limit in NN [27- 30].

Conclusion
The article deals with the development of an intelligent posi-
tion-contour control algorithm for objects moving along a de-
fined trajectory. In the case of moving objects, in the process 
of positional-contour control of a multi-link industrial robot, it 
is proposed to use intelligent technology methods in order to 
plan the sequence of actions according to the specified coordi-
nate trajectory and position of the manipulator handle, to ensure 
the accuracy of the stop positions. In the case of moving ob-
jects, in the process of position-contour control of a multi-link 
industrial robot, it is proposed to use intelligent technologies in 

Figure 4: Control Algorithm of Multi-Link Industrial Robot Manipulator by Neural Network System Based on Self-Learning 
Model.

−0m  is the number of inputs; −im    is the number of neurons 
in the −i l layer corresponding to the links of a multi-link indus-
trial robot; −Im   is the number of outputs.

In order to eliminate the shortcomings of controlling the ma-
nipulator according to the program trajectory −Im   values in 
the control algorithm of a multi-link industrial robot manipu-
lator through a neural network system based on a self-learning 

model, the introduction of an additional intermediate layer while 
maintaining the total number of neurons allows achieving high 
accuracy with the appropriate duration at the end of the network 
training process (Fig. 4) [24, 25]. Using the previous training 
example, such a neural network-based controller allowed us to 

carefully reduce the value of the total error correction  ∑H  to 
0.0414757, which is sufficient to ensure the accuracy of the po-
sition of the manipulator handle [26].
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order to plan a sequence of actions corresponding to the speci-
fied coordinate trajectory and position of the manipulator handle 
and to ensure accuracy in stopping positions. Depending on the 
decision-making criteria, the methods for solving the correct 
and inverse problems related to the kinematics of a multi-link 
industrial robot in accordance with the tactical level of control 
and ensuring the adaptability of the manipulator grip taking into 
account the dynamic characteristics of the object are considered. 
Also, a mathematical model aimed at ensuring the stability of 
the manipulator handle moving along the programmed trajecto-
ry, as well as an intelligent control structure and algorithm based 
on the neural network technology, which implements kinemat-
ic synthesis based on the dynamic characteristics of the handle, 
have been developed. The developed algorithm serves to deter-
mine the optimal trajectory by storing the sequence of actions 
in the initial positions along the specified coordinate trajectory 
of the industrial robot in the positional-contour control systems 
directly into the database, processing the input commands.
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