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Abstract A
Reed-Muller codes were originally introduced by Muller in 1954, then Irving Reed gave a decoding method the same
year. These codes, of lengths a power of 2, were the first family of codes for which it was pos- sible to decode an infinite
number of errors. The finite field underlying the Reed-Muller codes is F2 = {0, 1}. By replacing this field with the m©®
finite field F2Z = {0, 1, 12Z, 327}, the study of Reed-Muller codes on F2Z becomes the m® Reed-Muller codes. The gen-
eralized Reed-Muller codess were intro-duced by Kasami, Lin and Peterson a Weldon. They showed that GRM codes
are cyclic and thereby determined the minimum distance. The m® generalized Reed-Muller codes were developed by
Pemha and Tsimi in 2022. Projective Reed-Muller codes are first introduced by Lachaud in 1988 and the dimensions
and minimum distances of Projective Reed-Muller codes are determined by S¢rensen in 1991. In this paper, we intend
to define and to present a notion of Reed-Muller Projective m® Reed-Muller codes, in oth- ers words the Projective
Reed-Muller codes on the mO field FqZ, q prime or prime power. The nature of the number q will determine the type of
Projec- tive Reed-Muller codes. The exact parameters of the Reed-Muller Projective m® codes are derived and the dual
are characterized. It is shown that the Reed-Muller Projective m® codes are an extension of Projective Reed-Muller
codes such that the set of m® invariants C (Reed-Muller Projective m@ codes) of the mO set Reed-Muller Projective
m@ codes is Projective Reed-Muller codes. The Reed-Muller Projective m@® codes are m@® cyclic and the generator
polynomial is characterized.

- J

Keywords: Chrysippian Modal ®-Valent Logic, m® set, m® Generalized Reed-Muller Codes, m® Minimum Weight, Reed-
Muller Projective m® Codes.

Introduction The purpose of the paper is to: provide an explicit construction

Projective Reed-Muller codes are a class of linear error-correct-
ing codes, con- structed from Reed-Muller codes, and having
interesting properties in terms of minimum distance and di-
mensionality relative to the code length [8, 10]. Classical Reed-
Muller codes are defined over affine vector spaces, while the
projectively normalized versions are defined over projective
vector spaces [7, 9]. This projective normalization allows for
some improved characteris- tics of the codes.

The main properties of projective Reed-Muller codes are: Better
minimum distance than affine Reed-Muller codes of the same
dimension and length; higher dimensionality than affine Reed-
Muller codes of the same length and rich algebraic structure en-
abling in-depth mathematical analysis [11].
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of Reed- Muller projective m® codes and derive their funda-
mental parameters, such as their dimension and minimum dis-
tance; investigate the algebraic prop- erties of these codes, in-
cluding their automorphism group and compare the performance
of these projective m® codes to classical Reed-Muller codes.

This paper recalls, in section II, the Generalized Reed-Muller
Codes by its generator matrix over GF (qm, r) and the canonical
construction of modal ®-valent fields, modal ®-valent pseudo
fields as defined in [1]. Section III gives exact definition of m®
Generalized Reed-Muller Codes. The parame- ters of Reed-
Muller Projective m® codes are characterized in section I'V. It
is shown that a subclass of Reed-Muller Projective m® codes is
mo cyclic.
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Preliminaries

The Modal ®-Valent set Structure and the Algebra of

(FpZ, Fa)

Definition 1. [2, 3] Let Me be a non-empty set, I be a chain whose first and last elements are 0 and 1 respectively, (Fo)) atl,, where

I, =1\ {0} be a family of applications form E to E.

A m8 set is the puir (E, (F,)

fas =y }

simply denoted by (E, F,) satisfying the
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following four aztoms :

o NFL(E)= N {Fa(z): z€ B} #U;

o Vo, d el ifo# 5 then F, # Fa:
. V&:-HEIHFr:D-F::'i=Fd;
o Vroye E ifva eI, F,(r)=F,(y) then x = y.

mE sets are considered to be non-classical sets which are compatible with
a non-classical logic called the chrysippian m© logic.
Definition 0.2. [{ Let C(E, F,) = 0 F.(E). We call C{E,F,) the set of
&k -
m6 invariant elements of the me set (E, F,).

Let p € M, a prime number. Let us recall that if a € Fpz.
Foz =F, U {ruz : -z =0(modp))}; F,={0,1,2 -, p—1}

2.2. Generalized Reed-Muller codes over GF(¢™, r) |5]

Let £ be a primitive element of GF(g™, r), then GF(g™, r) = {0, 1, £, €2, .-, £2" 2},
The field GF(q"™, r) can be viewed as an m-dimensional vector space over
GF(g, v) with 1, £, £2, .-+, £ as basis elements, so,
m—1
F=ayf 0<j<q" -2
i=0
Where a;; € GF(g™, r), 0 € i <m—1,0< j < g™ — 2, since GF(g™, r) can

be considered a vector space over the field GF(qg, r), with 1, £ &2, ... £m!
as basis elements. The matrix G, (r, m) can then be rewritten as
Ty 1 1 1 e 1
] apn an a2 Tt o, e—1
Gylr, m) = ) = g iy LTI ]
-1 Q1,0 Tm-1.1 l:r':a:a;l—]:2 T—1.n-1

In other words, the elements of GF(g™, r) can be written in the vector from
as

iy

1y

£j= - .:Irl=n‘-1.~"".'?m_2‘

By—1,5

Let n = ¢™. The vector space GF(¢™, r) has n elements which are often call
points. Let

PI'I' = {ﬂ\ D Tt l:j}~ ‘Ft? = {al'll:j—]: 0y 5-1: """ ﬂm—l:j—lj; f =, L n—1.

Then Fy, Py, ---, P,_1 1s an enumeration of the points of GF(g™, r}). Under
this ennmeration, a g-ary Reed-Muller code RM(r, m) of order » is defined
as in [5]

RM,(r, m) = {(f(Po), f(P). -+, f(Pacr)). | f €FylXu, -+, Xl deg(f) < 7).

www.mKkscienceset.com
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2.3. Canonical construction of modal ©-valent fields (m© f)
and modal ©-valent pseudo fields (mOpf). [6]

Let p be a prime number, k # 0 a positive integer, ¢ = p* and F, a finite
field with g elements.

Modal &-valent fields (mBf)
Consider that k =1, s0g=p. F, = 3-%
istic p and of p elements. The modal G-valent quotient ring (m&gr)

is the prime field of character-

F,z as the modal B-valent quotient i‘%
iz
* # ¥ * r 1z
L.’_?t ]Fj'.rE = ]FPE' — {'ﬂ}. \‘E"';]" 'E ]FS‘J‘E!' H.T E ]F,I:IE fl r-Ir = TTEEI

F,z has p* elements but has no proper sub m® ring verifying the pre-
ceding property for F,.

For which reason, Fyz is the prime mOf with p* elements. F, is the
prime sub field of the m& invariants of F;.

Modal ©-valent pseudo fields (mBpf)
Consider that k # 1, so g = p*. Let then F(pFZ, 1) denote the quotient
mOr Fus = T:é:._— and let

i

{p—"'ng
Let F*(p*Z, 1) = F(p*Z. 1) — O(p*, 1); k € M*. Then ¥z : = €
Fr(pbZ, 1), 32’ : 2/ e F*(p*Z, 1) sz - o' = plaf,__‘.
So we call Fyiz a mO pseudo field (mBpf). ]F;:xz has p**! elements and
is of characteristic p*. It has no proper sub m©pf with the same as
the preceding properties for F*(p*Z, 1). Finally, F(p*Z, 1) is the prime
mBpf with p**! elements.

O(p*, 1) = Op s a € Ty, sla)/pt) = {phi-z ca €, a/pt).

Nomenclature 0.1. We call:

o Foz[Xo, X1, -+ . Xl mO Ring of polynomials in Xg, Xq, -+, X, with
cocfficients in F .

o Fou[Xo, Xo, - Xo]"U{0} mB Vectorspace of polynomials in Xo, X, -+, X
with coefficients in F oz and of degree 1.

o Fou[Xo, X1, -+ Xl U {0} mO Vectorspace of homogeneous polyno-
mials in Xy, Xp, -+, X with coefficients in Fz.

o Foz[Xo, X, -+ Xy U{0} m8 Vectorspace of homogeneous polyno-
mials in Xy, Xy, -+, X, with coefficients in Fyz and of degree v

o A™(F,z) m-dimensional affine space over Fz.

o F"(F,z) m-dimensional projective space over Fyz.

3. Reed-Muller projective m©® Codes

3.1. Generalized m© Reed-Muller Codes |[1]

If m is a positive integer, we denote by BS the Fz-algebra of the m© func-
tions from ]F:{.,: to Fuz and by Fuz[Xy, -+, X, the Fyz-algebra of m© poly-
nomials over Fyz in m variables.

We consider the morphism of F -algebras (from the F-algebra of polyno-
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mials over Fy, in m variables to the [F,-algebra of the functions from F}' to

Fp)
o F[Xy, -+, Xm] — By,

Definition 0.3. One m® extends ¢ F, [Xy, -+ . X,] — B, o morphism
of Fy-algebras, to o® : Fz[Xy, -+, Xpu] — BE if (Fuz[Xa, -+ . X, Fa)
and (B2, F') are the m© set, such that Vo € I,, po F, = F o .

Tt
A m© morphism of Fy-algebras is a morphism

e FalXy, - Xl — BY
such that the following dingram be commutative:

F X, X —=B,,

BPECKT lﬁm.},g
¥

IFPE[-XL" te :-Xm] H:-]B?rt

Thus by definition, WP € A™(Fuz)

FH[JD) _ | #lP) if P e A™(F,)
4 Lizw(s(P))  if not
We consider now the m&-morphism of Fz-algebras ge cFpe[ Xy, e, X —

Bi which associates to P € A™(F,z) the m© function fee IE':ﬂ such that:

WX = (X1, Xa) €F fOX) = P(X0 -, X

The m& mor phmn ® is onto and its kernel is the ideal generated by the

polynomials X‘u — Xy, X;‘:: — X

So, for each f € B2 | there exists a unique m8 polynomial P € A™(F,z) such
tlmf the degree of P in each variable is at most p? — 1 and ¢®(P) = f°.
The support of f® is the set {X € Fls - fP(X) # 0} and we denote by
| f® | the cardinal of its support, and is the m® Hamming weight of fo.

Definition 0.4. (m© Generalized Reed-Muller codes)
For) <r < m(;pQ — 1), the rth order m© generalized Reed-Muller code of

length p*™ is
RMP(r, m) == {(f*(Po), -, f(Puc1)) [/ £ € Fpa[X1, Xo, -+, X, deg(f°) <7}
Observation:

Fiz 1s a mO field. Let p* be a power of a prime number p. We saw in section
2 that Fpiz is not a mO field. Now, we want to define a generalized Reed-
Muller codes on Fpig.

Let p be a prime number, k a positive integer and Fpz a pseudo mO field
(mBpf). Fpz has p**1 elements and is of characteristic p*.

In this case, Bﬂfg is the pseudo m8 Fuz-algebra of the m& functions from
Fi to Fuy and by Fug[Xy, -+, X,,] the pseudo m8 F . -algebra of m©

prE
polynomials over Fez in m variables.
We consider the m€ morphism Fiz-algebras ge : ]Fpi.-g[J\-l_.-' .
Bfrfﬂ which associates to P € A™(Fuz) the m® function e e ]Bfrfg such
that:

VX:'[XI.-"' : Xm} ‘EFE}*E- .fg(X} = P(Xy, - -Xm]

So, for each [ € Bfrfg._ there exists a unique m© polynomial P € &A™ (Fpuz)
such that the degree of P in each variable is at most p**!'—1 and x®(P) = f©.

Definition 0.5. (pseudo m® Generalized Reed-Muller codes)
For(l <y < m{pk"'] — 1), the rth order pseudo mB generalized Reed-Muller
code of length p™*+1) gs:

RMG (r.m) == {(fO(Po). -+ . fOPuc1)) [ f¥ € P Xy, Xa, oo, X, deg(f€) < 1}
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Thus by definition, WP € A™(Fz)

e _ | wlP) if P € A™(F,)
v (P) = { Lzw(s(P)) of not
We consider now the m&-morphism of Fpz-algebras gH : ]Fj,g,[X 1o to . X,,,] —

B? which associates to P € A™(F,z) the m© function f° € B® such that:
VX={;\'1,"',Xm)EFLT}£._ rH(X}=P(X1| et ij

The m® morphism 0™ is onto and its kernel is the ideal generated by the
polynomials X‘;‘"J . SPRERIR X;‘:: - X

So, for each f € B2 | there exists a unique m® polynomial P € A™(F,z) such
that the degree of P in each variable is at most p* — 1 and x®(P) = f°.
The support of [ is the set {X € Fj : f9(X) # 0} and we denote by

| £2 | the cardinal of its support, and is the m® Hamming weight of f© .

Definition 0.4. (m® Generalized Reed-Muller codes)
For 00 < r < m(p* — 1), the rth order m& generalized Reed-Muller code of

2m

length p=" is:
RMZ(r.m) = {(f(Ra). -+ . fO(Pc1)) [ 7 € Fpz[X1, Xo, -+ . Xu|, deg(f7) <r}

Ohservation:
F,z is a m8 field. Let p* be a power of a prime number p. We saw in section
2 that Fuy is not a mO field. Now, we want to define a generalized Reed-
Muller codes on Fpug.

Let p be a prime number, & a positive integer and Fu; a psendo m© field
(mOpf). Foz has p**! elements and is of characteristic p*.
In this case, B*® is the pseudo m© Fug-algebra of the mB functions from
]F;jz to Fouy and by IF'pLE[Xl., <o, X)) the psendo m@B F,.z-algebra of m&
polynomials over Fuz in m variables.
We consider the m© morphism F.z-algebras gg P Fpen[Xa, - X —
B2® which associates to P € A™(F,z) the mO function f® € BP*® such
that:

VX:{A']."”‘-XJH}EF‘:}‘E* -fH{X}:P(Xh e X
So, for each f € B¥® there exists a unique m© polynomial P & A Fpez)
such that the degree of P in each variable is at most p**'—1 and ©®(P) = 1e.

Definition 0.5. (psendo m® Generalized Reed-Muller codes)
Foril <y < m(p*_""l — 1), the rith order pseudo mB generalized Reed-Muller
code of length p™*+1 is:

RMZ(r,m) = {(f%(Pa), -+ . fO(Puca)) [ £ € Fpz[ X, Xo -+, Xo], deg(f®) < r}

choose P and P' € A™(Fyz ~ {0}) such that Q@ = p®(P) and Q' = p®(P').
Then,

°(Q)=g°(Q) = ¢%op°(P)=g"<p°(P)
— 7o h®(P) =" h®(P)

X € F, ~ {0} such that h®(P) = Ah®(P') = h®(AP') = P = AP'. Hence
pP(P)=p?(AP) =P (P) = Q =Q"

Finally. for allm® injective linear map h® : A" (Fgz~{0}) — A™(Fz~{0})
induces a m© projective map g° P(Fpz) — P(Fz).

4. The properties of Reed-Muller Projective m©
Codes

The most difficult parameter to caleulate is the minimum distance. The
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natural idea is to use the knowledge from the affine situation of the minimum
distance of Rﬂ-f:} (r. m) codes. We start with some necessary notation and
some lemmas,

Notation 0.1. If F(X) = Ee;;, 0 X0 X -+ X s a polynomial in Fp[Xo, X, -+, X,],
denoted by F(X) the reduced farm of F(X). so the polynomial we get by in

any term replacing any factor Ji wheret; =alg—1)+b, 0 <b<g-—1,

with Xjf,’.

If M C Fg[Xy. Xy, -++ . X,,] is any set of polynomials denote by M the
corresponding set of reduced polynomials. So, Fz[X,, Xy, -+, X,,,] denotes
the set of all reduced polyvnomials over Fz in the variables Xy, -+, X,
For F homogeneous, we denote by Z(F)g ., when Fyz is clear from the con-
text, the algebraic set of zeros of F in P"(F,z). The degree of X = Z(F)s,
is deg( X) = deg(F).

Lemma 0.1. If F(X) € Fu[ Xy, Xy, -+, X,] and G(X) € Fe [ X, X1, -+ L Xl
then

1. F(P) = F(P), for any P € A™+ (Fyz):
2 G(P)=G(P), for any P € F"(F,z):
3. if F(P) =0, for any P € A™YFyz), then F(X) = 0;
4. if G(P) =0, for any P € P"*Y(Fyz), then G(X) = 0.
Proof 0.2. [6. 7/
Lemma 0.2. Let F(X) € Fie[Xo, X1, -+, Xolj, and H(X) € Fgz[Xo, X1, -+, X}

Assume F(P) =0, for all P € Z(H)g ,. Then there exists F(X) € Fyg[Xo, Xy, -+ Xp}
and G(X) € Fyz[Xo, X1, ---, X}~ such that

Z(F)s, = Z(F)g, and F=HG.

Proof 0.3. Assume that H(X) = X, Let F(X) = Xy F(X)+ F5(X), where
Fy(X) € Fyz[Xo, X1, -+, Xul}, and Fi(X) € Fez[Xo, X1, -+, Xo]i ™

We get that Fa( X) =0, ';u:"h that F(X) = XoF(X). Then F(X) = XoF(X)
has the desired properties.

If H(X) # Xy, then consider a Fg-linear bijective transformation ¢ that
maps H(X) into Xy, Then write

o(F) = XoFs(X),
Fi{X} € FQE[XD'. Xl-. T AL':-:-:L];_l and let ﬁ‘ = {I}_l{‘PEF‘]] = H‘p_]EF{]

Lemma 0.3. Let P= (0.0, -+, 1, wje1, -+, wi) € P"(Fyz), 0< 5 < m.
For any 5, 0 < s << g — 1. the polynomial

i—l1 m
Fa(X) = X I = - T (30 - (- wex )
i=0

i=j+1
is indicator function for P and of degree d = smod g — 1.

The (g™+'—1)/(g—1) polynomials F5(X) are a basis for Fou[Xo, Xp, -, Xm]::
the set of homogeneous polynomials of degree d in reduced form. and any

H e Fp[Xy Xy, -+, X, 15 uniquely written as
H(X)= > H(P)FA(X). (3)
PePm(F )
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Proof 0.4. FA(Q) =1, if Q = P and Fp(Q) =0, if Q # P, so Fa(X) is
mdicator function for P and F3(X) ts homogeneous of degree m{g — 1) +
s = smod(g — 1). These functions are linearly independent and any H €

Foz[Xo, X1, -+, Xm]: can be written as (3).

Remark 0.2. Only PRM m© codes of degree 0 < r < m(g—1) are of any in-
terest, since RM Projective m© codes of orderr = m(g—1)+1 are trivial. Let
¢ = (e, e, 000, ) be any word. Choose F(X) € Fa[Xy Xy,--- X0
such that

FlX) = Z iy (X)), s =rmod(g—1).

PLELJM{F.]-E':'
Then ¢; = F(F), so ¢ ts a mO codeword and the mO code 1s trivial.

Lemma 0.4. Let Fz[Xo, Xy, -+, X] and Q@ € P"(Fyz). Assume F(X}I
has degree d < m(g — 1) and F(P) =10 for all P € F"\Q. Then F(Q)) = 0.

Proof 0.5. Assume F((}) # 0. Then Ju._}:_' will be an indicator function for @,
A= F{{j}t], and by previous lemma AF = Fp(X) for some s, 0 < s < g— 1.
Now deg(Fp (X)) = mlg — 1) and we have a contradiction.

Now we are able to state and prove the main theorem.

Theorem 0.1. The Reed-Muller projective m© Reed-Muller code PCLim, gZ),
1<r<mig—1),is an [n, k, dz code with

q,m+1 -1 el (m 1 1) (f — jq + m)
= L‘.: _]- d . . :

t=rmodg—1; OD=t<r N\ j=0
= {q _ quﬁz—r—ll
where r — 1 =ulg — 1) + s, 0<s<qg—1.

Proof 0.6. The length n is (g™ — 1) /(g — 1) by definition.

To find the minimum distance we consider a mO codewordc = (F(Py), --- , F(P,))
and F(X) € Fuz[Xo, Xy, -, X)) where r = 1 =u(g—-1)+ s 0< s <
g—1, r<<mig—1)+1.

We want to estimate the weight of ¢, i.e., the number of zeros of F'. when F is
evaluated in all points of the mO-dimensional projective space. If |Z(F)g,,|
denotes the number of zeros of F in P (Fgz), the claim s

qm+1 -1

~1

qﬂ‘t+l -1

———(g—s)g" (4)

|E(F]F.r:| = or |E{F}F.?:| <
We will prove (4) by induction on m.
Ifm =1 then deg(F) = s+ 1, 0 < s < g — 1. and on the projective line
PYF,z), F has at most s+1 zeros: If P = (0, 1) is zero of F, then F(1, X;)
has degree {in X1 ) less than or equal to s.

Assume that (1) is correct for m — 1 and consider now the case m: Consider
X = Z(F]Fqi C P"(F,z). the algebraic set of zeros of F, and let F be of

degree v, where r — 1 <mlg— 1), r—1=ulg—1)+s,0<s<g— 1.
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L Ifr—1=(m-1){g—1)+s 0<s<gqg—1 we would like to prove

qm+1 -1 qﬂ"t+1 —1
2l =T o 1)l < T = (0 ) )
Assume that (5) is false, v.e., that 0 < [P*(Fz)\X| =1 < g — 5, and
et P*(Fz)\X = {P, Po, -+, B}, Let Gi(X), i =1,--- 1 be

linear polynomials defining t — 1 hyperplanes such that Gi(F;) = §;;,
i=1,- f—=1,j=1, -+t

Then the polynomial H(X) = F(X)[[.Z; G:(X) has degree (m—1)(q—
1)+ s+t <mlg—1) and Z(H)g, = P"(Fuz)\{F}.

This contradicts Lemma 0.4.
2. Ifr < (m—1)(qg— 1) consider the following two cases.

o Assume X does not contain {as a set of poinis) any hyperplane
in P (Fyz). For any hyperplane m we can consider Y = X N7 as
an algebraic set in P YF,z) with deg (Y) = deg (X). We observe
that deg (Y) = deg (X) =r < (m — 1)(g — 1), so by the induction
hypothesis we have for all F g-hyperplanes w that

qm+1 _ 1

m—r—2

XNl < ~lg—slq

qg—1
By counting pairs (P, ), P € (P"(F 2 )\X)N7, 7 a Fz-hyperplane,
in fwo different ways, we have

qm+1 -1 qm+1 -1

B (Fyz )\ X (q—s)g" "% (6)

=

g-1 = qg-1
since (g™ —=1)/(g—1) s the number of Fyz-hyperplanes in P (Fz)
through a fired point and (g™ —1)/(qg — 1) is the number of Fz-
hyperplanes in B (F 2 ).

Equation (6) gives |P™\X| = (g — s)g™ ", and we are done.

o Assume that X contains the set of points of a hyperplane © =
Z(H), H(X) € Fz|Xo, X1, ---, Xulp. Then by lemma 0.2, we
can assume that X = Z(HF), Fi1(X) € Fz[Xo, X1, --- . Xm]:.;_l.
Let X' = Z(F\) and observe

[ X| = XX Na)| + = (7)
Sinee XN X' Na) C P Fe)\r = A™Fz), ANX' Nx) is an

affine algebraic set, the zero set for some polynomial of degree
r—1=ulg—1)+s, then, if 7 = Z(Xy). the polynomial defining
XWX 'nw) s (1, Xy, -+, Xo) and deg(Fy) =r — 1. Using a
F,z-lincar coordinate transformation taking H(X) to X, the gen-
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eral situation is reduced to this case.
We have seen that X'\ (X'Nw) corresponds to zeros of some poly-
nomial of degree r — 1 = u(g — 1) + s. Using (2) we get

XWX ) < g™ — (g -

m—r—1

5)q (8)

a1

Adding |7| to (8) yields |X| < ©—=+ — (g — s)g™ "' This com-

q—

pletes the proof of (1) and gives a lower bound d = (g — s)g™ "1,
Eguality follows since the polynomial

r—1

F(X) =X, JJ(x!

i=(

= XY [TuX = Xoi),
i=1

where A; # A; fori # j and A; € IF';E, has zeros at all points except

those of the form (0,0, --- |
sanday € Fe fort =vr+2, .-+, m.

j=1,

We see that there is exactly (q — s)g

L, apr, oo, ), where a,4 # A,

m=r=1 such points, so F cor-

responds to a codeword of minimum distance d.

The dimension k of PC,(m, g) is found by combinatorical reasonning: It

follows from Lemma 5 that

m+1

fmo 1N =g+ m
Nit, l.g—1) = -1)/
(b, m+1,g-1) Z{ ) ( i ) ( )

J=0

15 the number of distinet monomials in X, Xy, -

that no reduction is possible.

t—jgq

. N of degree f, such

Lemma 0.5. The number of ways one can place ¥ objects in m cells such

that no cell contains more than s objects is

Nt m. ) = Cfm
(t, m, s) Zl{ 1) (j

=0

t—jls+1)4+m—1
)

Proof 0.7. {H'”"'} is the number of ways one can place ¢ objects in m cells

t

without restrictions.

Et—j{ﬁ:+l J4re—1
t—jla+1)

that j cells contain at least s + 1 objects.

inclusion now gives the result,

Conclusion

In this paper, we have presented a modal @-valent approach of
the Reed- Muller Projective m® codes. The construction of the
parameters of these codes requires the notion of a m® General-
ized Reed-Muller Codes, chrysip- pian m® representation of GF
(pZ, r), the classical theory of Projective Reed-

Muller codes. The length of Reed-Muller projective m® codes
grows expo- nentially with the code order m, allowing for the
construction of very large codes; this makes them interesting
candidates for applications requiring high storage or transmis-
sion capacity. The high minimum weight of Reed-Muller pro-
jective m® codes gives them good error detection and correction
capabil- ities; This makes them robust to perturbations and suit-
able for applications sensitive to errors.
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] is the number of ways one can place t objects in m cells such

The principle of erclusion and

While their parameters are attractive, Reed-Muller projective
mO codes do not always achieve the best coding performance
compared to other code fam- ilies; a tradeoff may sometimes
need to be made between performance and complexity.
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