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Abstract

In previous papers we have derived equations of motion with radiation terms and proved the existence-uniqueness of
periodic solution of 2-body and 3-body problems of classical electrodynamics. The number of equations is more than
the number of unknown functions — 8 in number for 2-body and 12 in number for 3-body problems. We have proved that
two equations in the first case and three equations in the second one are consequences of the rest ones. These equations
are used to determine the energy of moving particles (electrons). The main goal of the present paper is to estimate the
energy of the moving electrons for Hydrogen-atom, Hydrogen-like atoms and Helium-atom.
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Introduction

The main purpose of the present paper is to continue the inves-
tigation of 2-body and 3-body problems of classical electrody-
namics [1]-[6]. Since the equations of motion are introduced in
the Minkowski space they are an overdetermined system. The
number of equations of motion for 2 bodies are 8 in number,
while for 3 bodies — 12 in number. The unknown functions in
the first case are 6, while in the second one — 9. We have proved
that the 4-th and 8-th equations for 2-body problem are conse-
quence of the rest ones. For 3 bodies the 4-th, 8-th and 12-th
equations are consequence of the rest ones and in this way, we
obtain systems with number of equations equal to the number
of the unknown functions. From these equations we get expres-
sions for energy because on the right-hand sides of these equa-
tions there are only known functions. Using these equations, we
estimate the energy of moving particles circling the nuclei for
2- and 3-body atoms.

The paper consists of seven sections and conclusion. Section 1
is an introduction. In Section 2, a derivation of the explicit form
of the energy equation is presented, passing to the Euclidean
coordinates and introducing delays depending on the unknown
trajectories. In Section 3, the Kepler formulation of the energy
terms for 2- and 3-body problems are given. In the case of two
bodies the equation is only one, while for three bodies — two.
In Section 4 we obtain the energy equation in spherical coordi-
nates and give some estimations. In Section 5 we get inequalities
which allow us to obtain intervals for the values of energy of the
moving particles. Section 6 contains numerical results for Hy-
drogen, Hydrogen-like and Helium-atoms. Section 7 is a Con-
clusion.

Recall that the equations of motion for 3-body problem intro-
duced in [3] are:
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The equations of motion for 2-body problem are a particular case of the above ones.

As usually, the Latin indices run from 1 to 4, while the Greek — from 1 to 3 (cf. [7]). We establish that the intervals for natural pa-
rameters of the electron motion contain the values obtained from quantum mechanics [8]- [10].

Derivation the Explicit Form of the Energy Equation
Recall that we denote by % ( B, 59 @, 0 0.2 = ir:r) (k=12,3) the space-time coordinates of the charged particles. The dot product

3
inthe Minkowski space s (a b) =a,b.= Z r+ whileinthe 3-dimensional Eucleadian subspace— ab)=a,b, = Z ayby’ cisthe vacuum
speed of the light; m, (k=1,2,3) arethe propermasses ofthe particles; e, (k=1,2,3) — their charges. The elements ofpropertlmes are ds,
(k-1,2,3) and the unit tangent vectors to the world lines are A" = ( VR A ./1_.‘”] ,a'® = [u,“" 0, u® (1), ul® (r)]: (X,"’ (0, 59 (0), P (r)],

(&)
A= (@ 0% 0) ;L= 2w 8O a0 =
ds, A, dt A, A,

ic

di® 7[ 1 dd™(@®) icd 1

The accelerations are ds, \4, d A, ’EEIJ, The isotropic 4-vectors

éﬂm=(§1“"}-6‘:2“"}-53“"}-6&4{#15) ("‘im{f) "ﬁm{f T&n Xm{f) Xén}{t T:m Xm{f) -"{I}}(I_T&;;)-jc'ﬁn)

(k=1,2,3; n= k) satisfy the equalities (s‘ e .5(""))4 =0 which imply the functional equations for defining 74,(d) (6 in number)

mm:lc (g, gt) = JZ[XW(I} A (-, (0] -

For the velocity vectors we get
L =[ W (t-7y) U (1-7h) (= 74,) f_c] { i (t-1,,) f_c]

)
c c c Ay

=D, .

d CZ%'(EM'E[”}}
-

5 . . d 1 d 1 d d
Ay ZJCd— ot (t—14 ],u("}(t—” I = = = ==
where "o ( » ">' ds A, d A d ' di, szﬁn_<§tb]'5u})

In the present paper we investigate only the 4-th and 8-th equations for the 2-body problem

2 Ll
(k) [ 2 (k) 50 {a) (&) p(kn) dAi j‘m ‘fiw _‘ftw ’131 dA
< (k) el K = L _ alx - K plkn Sl 3 1 4 1
dA ee | S (4 A ) 44 (4 5 dA ds ds
4 _ “wa 1 Ui+ ,éikrﬂ + u n tal F“],(k:I,Z}
1

- . 3 2 rad
ds, mc* (Aiuj,‘:m}) ds, (Aiu],‘fihﬂ)
4 4

and the 4-th, 8-th and 12-th equations for the 3-body problem:

,.(] 7 ()
di” (~u1 ,g“"]) _ptha [ o dd i
) . (k) [ 308) 7 (a) St [ 4K k) ) s 3 ,
di™ 1 ee |5 (’L M'r) =4, (’L % J;‘ di" ds, ¢ ds, "
i _ z +n 4 LRI :‘f 1 + iy F
1

= ! - ; g
ds, Ay mc (;tfrﬂ,‘;“rﬂ)’ ds (;ttn],‘;wﬂ )‘ e
4 1

(7]

Following [3] to pass to Euclidian coordinates we consider the relations from [3]:
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" ds A, A AL

i

n (&) () gy (k) (n) o _
<;J*J _“"’L“> =&[(" et r‘*”)>+<” .57 z) Czr*”{a‘"’u_%)'a(“’(:_rml) ;
4

E L] "’[knl.—'[n} — *{nl,itn}
H,=1+D, <§[i; | >+(<§ - >Aqrm}<u )

kn &

2z
~ N s ce, - I
The Dirac ‘s assumption (cf. [11]) "=z =7 (=10 sec) implies R =—A—ﬁ<”m: iy
&

By f=c¢/c=1/137 we denote the Sommerfeld fine structure constant (cf. [8]).
For 2-body problem we have two energy equations :

m, ([—;m ) G )
A
_ee, (gum] --m) r ( g ])amsz +{(§[m1jm)_ czr‘n) Dh(a(nl, [l‘,[m} ep, Af”<ﬁ“’,§["]>+[ —u] T J )S it —[m>
CZ — 2
((éuﬂ'ﬂ = in ]) ) Ain(czrh-<§[*"],5[“]>) AE‘N(CZ (.f““‘ —[J))
2
e .
-—’;(ﬁ“’], [—Jw)
A

&

while for 3-body problem — three energy equations (cf. [6]):

(k] (K]
m,(u[ ]:u[]>

A,

_ g (‘5‘ i) (l:])
e

T M

() L () ) D a) A () () ¢, >]
i) -én) a3 (e~ (8.0 )

2
CEp iy

;; (u[“, u“’),
ﬂir

The Kepler Form of the Energy Equations for 2- and 3-Body Problems
In view of the formulas for energy (cf. [7])
atk}>=£ ﬁ=71_2<%u u(k})m&c!=mk‘_3(ﬁmjm>

U:“,
E, =md*/ 17<7 .
» = e A de 2 Al Al

we can write down the energy equations in detail for the 2-body problem

mcj<i:]’ét]]>:_i_‘?f<am’ ﬁm)+
1

. (Euzn jm) _rlzcﬁ[u< Eiz] > Afzh,]z +((§:lzr‘ v } -~ czrlz)qz(a[zl;ﬁizl ) n A122<ﬁ[”‘r}:2:) +( o, 4[2: )(25:2:' 3(2:) '
[(étlzjjtzj>7czrlz) Alzi (Czrlzi(éuz;‘ﬁtzl)) Afi (Cj'ﬁz (5:12; (2)))

AZlHZI + _721D21
zu(‘:z"r _(;izu m)}

((E[m ) 5[“) - c‘ZTZI)s A (EZT“ _(g[zn, Em))z

and for 3-body problem

{(5[1",5[20 _ 72[(5‘2’.5'”]) , (<EE21J‘EIZJ) _ czr2] JDZl (aﬂl' fim> Al <ﬁm ﬁu])_'_( —-[zn —[u }( E"'}}
=cge 2 !

A =il S 2
me <" - >_ B fem Em
_ o, a" )+

1 A1

=quz{<5[12]’ﬂ[ > 7, < [1]’[‘?[2])‘32!_‘!r +[(Etu],5[u>—c2r12)£{2(f.-[2], l‘-.;tzl) ) q nlzz([—j[u ﬁ[21)+{ —~[1] —Atzl C.z) —-[2]}!

[{Euz] m) c'zru)‘ e ﬂfz [czru _(5(12} 5@ ))2 - ‘3122 [czru _(Etu] i@ >
(i

12 2
reae (Em} ) [.'r“])— 1'13(&[“ "L;:l] )3123‘,_111 +{<§"[1.1]’ [—._[1]) _Czrli] g]([—’[?ﬂ;a[ﬁ]> e ,3123([‘,-“] 5 } + [(a[u —-[1] )Z [1] T } ,
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(E[zu LI,[z]) 1-'21(0[2] u[l])

2

[({5[21]’[—:[2] >—C21'21)D21<Em . a[l])
+ —

a;(g[z]jﬂ]) [ -[z] -rl] Cz) o -[11)

’

=066 ( Em],ﬁm> 25, iR e AL {r_‘zrn —(5‘“],5‘”))2 2 21{‘:2321 B Etzuju]))

+ce,e, (5‘211:[;.(21)_rz_‘('[;-tu’-[;;tuj)ﬂ;hg]+[(E[zu’am)_Czrﬁ)D;»](aflJ; f_.m) . ﬂij(amj[n>+[<§[21’i—.,m>_cz)i ) —[11)
[(é[m,ﬁ[ﬂl}—czrn) .&;[c?rn _(étmjm )) &;[c‘zrzl—(émj,ﬁ”‘))

et —t!]ft!] 2 L

%=_ 31 (Eiil’ Em>+

+ceg (g‘iu’aiﬂ)— ru(am’an]) -~ [(E’tmjm) _Er“) D_“(;_.m’ a,m) e &;(am’ i.-“1>+[(a‘“,af“)—c«’)(a“], [L.,m> .

{(E[m G } _ czr“)]

reee (E[.‘ﬂ] g ) _ rﬂ{a[.‘ﬂ .G )Az u

AL [czr“ _(é‘[m W ))2

[(Etu] u«]) c‘zru)Du(ﬁizl,ém>
+ _

‘&il [Czrn - (E[.‘ﬂ] s ﬂ'[u ))2
b, aiz(i'.r“],5‘2]>+((ﬁ"],ﬁ‘2]) )(2 . —t2]>

[(é‘[mj[z])_czru)l e

ﬂiz [czru _(5[121’ 7 ))2

K "R

[r_‘zr _(E[ul (2) ))
In the 3D-Kepler formulation the first particle P, is put at the origin O (0,0,0), that is,
P10 =0.4"0)=04"()=0), te[0.9) = £} () =0.
From [4] since p=¢/c=1/137 and (i(t-7,), i(t-17,)) <’

Czr" _ (E[kn:‘ Gt >
c‘r,m _ <E[M’ Gt >

(1)

0 18 =y ~(it-1,).(t-17,)) = ¢,

we get 'z, —(E".a")~ 7, ; D, = ~1:(k=123),n=kand

b;[zn'—'-m E[ZIJ.EIIJ — a[lJ’[-'_',tl} gtzu’-‘-un _ —u;’Lu:
Hy =1+ D, < ﬂ;l >+[<5 >A;, 21]( >Jx1+( . )C:ZI<H . >=1;
E‘ESIJ‘-‘-UJ 5[31}‘—4!! _ 2 —-[l},—‘-tl} ‘f[:u; (1) —-[1},—'-[1;
H, =1+D, ¢ ﬂ; >+[( : ):;l](u : )]zl+< >C:“( ‘ >=1:
H () _!kn}‘—!n} — —!n}‘—'!n} n) = (nl —~(n) =(a]
H, =1+D, (gtj;ul}>+[<§ ) ﬁf""](u ! }}qn( i) ;M<u! }‘H”)g
fn K
51+T’"’|Em} A <y o)y, r,0f 1+ B) = 1+7,0p.
[N i

—e e, =—16x10"

Assume that ¢, =+e,;.¢, =—¢, ¢, = —¢,i¢,

“C . Then in view of (1) we get just one equation for the moving particle (electron):

- (E[znj[ﬂ) (ﬁfz)'a{21> dE _(gfznj) (E‘ i)
0=0; d:_e”i[ o'r,? N ¢ Tode =et o T (2)
and two equations for 3-body problem:
0=0;
dE, z(é‘m]’aill> 2'1_“<ana]jt3]>_<§‘f231j“1>1 (Efﬂl’;“])—rgj(ﬁ“]jﬁ]) (am]’a‘m})- Cf‘p;z a?, @Y. (3)
e r ' Z S [Tas )

S - [ (3
dg, (€A% |, (d®,

=6y 5.3 TG
dt Ty,

ﬁm]}—(ém],ﬁm)( (é‘”’,ﬁtz’)—rn(a“],

1+
i_ 3 z
€Ty L ¢

(3)
%Y.

Hz}) (—:3] L[z))- )
u ] u.u _ ey (Eu}

3
CTy

Remark 1. We would like to point out that all functions * g, S =@ - 2 (t-r,) 1, = <‘§ w.¢ “”]) in the right-hand sides

of (2) and (3) are known as solutions of the first three equations of motion. The solution belongs to spaces introduced in [6].

The Energy Equations in Spherical Coordinates
We pass to the spherical coordinates, that is, the particles £=

%P (0) = p,(0) cos, () cos 4, (9);

©.00), R(k=23), are located at the point
% (0) = p, (Dsing, () cos 4, (1) £ (1) = p, ()sin 2, (1), (cf. [6]),

where p,=0; ¢, 20; 4, e[—%m‘,g—a‘},o <a‘<5 and then the velocities are:

" = p, cos @, cos A, — P, sin @, cos Ay — P, cos @, sin
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u, " = py singy, cos A, + p@, cos @, cos A — Ay sin gy sin A,

w' = psind +p, A cosl,

where " =dp™ /dt. For the accelerations we have:
"™ = p, cosg, cos A, — p, @, sin @, cos A, — pyA, cos @, sin A,

9 % p,sing, cos A, + p, @, cos, cos A, — p, 4, sing, sin 4,

i," = p,sinA, + p, A, cos 4, .

Second derivatives we approximate by the formulas (k=2,3):
W~ p, cosg, cos A, — @, p, sing, cos A, — A p, cos ¢, sin 1,
i = 5, sing, cos A, + @, p, cos @, cos A, — A p, sin g, sin A,

i = p sind, + 4 p, cos,.

Assume that @, =@, = w. Then f i, ‘““ R+ pl0 )+ p Y <C .
After substitution r, = p,, ¢, =¢,.17, =4, we obtain

Gy = i g cos mt iy

=\/<ﬁ‘"’ *'["’> \Ar +p g7 cos’ A+ p i, |<a)\fez”TR +e T p Db P+ p Y <@’ .

‘ﬁ‘”’ <€ R+ p 0+ p Y <wE (n=2,3);

‘ﬁ(n]

For the second particle we have p,=p0,(0); @, =@,(8); oy =3t —72) ; @3 =5 (t—T53) ;
T, (f} Z{XIZJ (ﬂ xll] {.f r2|( }:| _ P (f} ,rm(f)—iJZ[ (3 (f} )‘Jl} (f— 21( )] ps(f)

=1

T

1 !
Po () =p,(8) = pyy +_[5_{5]d52p20 _‘R'ZT = P P (0 = (0 = py, +I1§(S}d32p30 -k, = P
i 0

@ =(0, pycospy — pycos gy, pysing, - pysing);
1 1 . L) =, (t—1,,)
0= B E) =L I3 0 82 (] = w7 2ppmeote, g 2 20 A ),

C

=1

pzu+I5 (s}ds—pm—frlts}ds— I r(s)ds|=
(1] [i]

t=t35

|pz (9 — P (e~ Tzl}l =

pzu+J‘rz (s}ds_pzo_ I ra(s}d)lz
0

1]

et — L,“[f—"zs]

g =
2|J":"zu_-!'1.“'3:1|_R] =|pm—pm|—R]L’“ ° 2|-!E"zt.h_-!'f"3u|_E H|qu_pn|:
M M M
+ 1
|p2(r}—p3(r}|2|pm—pn|—ue“ |pau pm|_ |Pzn -Dml S+ .
L rzs{r} |ch| -D:n|

Then in view of g*=1/137°00 and Te=2z one obtains for the 2-body problem

[ [uu} d%e; j {JE*“E“)J@&) +J<a,a§(ﬁ,ﬁ>}ds£

|E@|=e,’

a C3r2]3 Cj a cjrhj
T = =i 2 T — —z 2 2 T
5.9“.2.[ (crmc; +£2 ]e“"dsﬁerf_[ [ € - L2 ]e“‘ds:erf(c_-‘i+ Bo ]—EF -1 e, ﬂ[ oI ﬁsz ] = (4)
s Ly, c o LTy o s c 5 p T uT
—e? c_T+d.a'2ﬂ e"r—l_
I I S Y o

For the second particle of the 3-body problem we get
; @'t T+
|E2{f)|5_! |:E'2 |‘92‘9|C: |‘92‘9:1|( o (1+r,m8) + cgrn]}“""‘—:

+|“3|(ﬂ+ﬂ ﬂ2+2ﬂ3+ﬂ‘+ﬂzﬂm

CTp

]
2 a2 2 T
- ezzﬁ+|eae|ﬁi2+|ezeq| ﬁLH‘,ﬁ ¢ e -1_
¢ c € | py - pm| ¢ |pw = pul

=

3

r 2 A2
{‘*%Hw 2
[ T,

Fal

(5)

el @' T*g*  TH T8 23 Tw e”—l P 4::2)6 + cT . Az ]e’*r—l
. cT P |ﬂm—Pm| |pzn Pul o el pz |Pm—Pm|2 |J‘7m_panJ ul
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For the third particle we get p,=p,(t-2,) ; e =g, lt—t,) ;o= 2,0 0, =00 ;
E5 =(0. pycos g, — p, cosg,, pysing, - p,sing, ) ;

|pz (I}_pz(r_rzz}l - |pm_pza-| .
[N - C '

| Y py——— 1
T3z (I}:E (Zj m]’étm > :;\{P: + pzz —2ppycoslpy — @) 2

t—tq t

||02{ 0 = p, {I_T:tz”: P +J'-f1{5)d5_ﬂm - f T, (8)ds| = p:m"'!-ﬂ{-s)ds_pzn _frz (s)ds— j- T, (s)ds| =
0 0 o 0 -ty
eur _eu[r—rn] . 1-—e l P

2|.IC":10-_J"-_"zu-l_‘?"?z—=|.IC":10_J"-_"zc1-|_ Rz'g'lr } |p:10 pm|__ |Pn on| T

u 7, (4 |P}u Pal
Then

2 T _
|.E;l::‘]l|£ eﬂgﬂ Az E‘_T;+ eT - LE e -1
I p |,02ﬂ = P |pzr-_!’ar-|

Hydrogen and Hydrogen-like Atoms
The numerical values for physical quantities are taken from the monographs [9], [17].
Recall that g =16x10"C, e =¢=6,=-16x10"C, F=1/137,c=3x10°m/sec, p, =529x10™" .

38
Then |ezej|ﬁ—%-(].(]lSﬁxl{]'”leﬁxl{]’” and cT=3x10"x1.53x10 " =4.59x 10"

Let us calculate the energy of the first stationary state from quantum mechanics (cf. [9]).

. 1 1
Since E, =-— ezﬂ:z —(p=12..) for p=1 one obtains
£’ 8W pf
elm, 1 (1.6x107) x9.1x107™ . ls
. =22x10" /x6.24x10% = 13.6eV .
b s; 80| 886 X107 8x6.62°x10" N

For the Hydrogen-atom we use the energy estimation (4) {2z < &7 ). Let us recall that the condition @< £ is compulsory for the
convergence of the successive approximations with accordance of the fixed-point theorem.

We have:

T
(E(] < pe. (C_T ix ,BJ:H -1
uT

& T
N _1.as><m-4°[“'59"m 39.478 ]e‘ 1
2 T

+
s 137 x4.59%10" | uT

e’ -1 e’ -1 e’ -1
=10"(3.05x10" +1.167x10’ ) =10 x3.05%10" ——— =3.05x10 7
uT uT

U

X
&l 6 24x10" ~1.9%10° 1
ur uT

el .

But 13,6 eV (cf. [9]) is the ionization work for transition from neutral atom to positive single charge ion.

.
Then 19x10’eﬂT <136 .(cf. [9]). It follows eﬂjjl:?_lsaxlos. For uT=2351 one obtains
] u
el 1
=7.103x10" .
T
23.54 =1.54%10"

X ' = e 10 ®
Since 7=27/@=153x10"" jt follows  183=10"

We give an estimation of the initial value of the radius p,, of the moving electron. From the inequality we obtain

4.59%10° . 30.478
2 137 % 4.50%10°°

4.59x 10" 4.59%10°*
- 516.5x10’2—6.2?x106c:lﬁ.leﬂ’z«::::pm21/ 20,527 107 =5.27x10 "' m.
o 16.5=10°

K

l.Bﬁxln"‘ﬂ{ }x?.lmxlﬂax6.24210’3513.6191;’;

The conclusion is: the energy of the moving electron is in the interval 0= E, (f) £13.6 <> —13.6eV =-E () =0
For the Hydrogen-like atom He" the ionization work for transition from a single-charge ion to a positive 2-charge ion is £, =54.1

eV (cf. [9]). Then |E() < |2£'r_'| ﬁ'[ el 4’? s } e - L 6.24x10%< 54.1 . We estimate the radius of the circle of the moving electron
pl el ul
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8
2 %1 86 %10~ -1_59><21'D . 39.478 .
22 137 = 4.59= 10

45910 159
10 328107 Z6.27x10° = p, 2, [0 x10™ =374 %107
Pz 3.28

This means that the attraction is stronger than attraction in the Hydrogen atom.
For the Hydrogen-like atom Li** the ionization work for transition from a 2-charge ion to a 3-charge ionis £, =122el (cf. [9]):

]x 7.103%10° x6.24%10" <54.1eV ;

2 T
E{r]|s|3‘s'e'|ﬂ(c—j;+%]eu ;lxﬁ_ztlxlﬂmslzz.elf;
PP - i

-8
439107 4932 410" ~ 627x10° = p, > | 222 10 Z3.05x10"" .
P; 1932

For the Hydrogen-like atom Be**the ionization work for transition from a 3-charge ion to a 4-charge ion is

de’e

E .. =217eV (cf. [9]): |E.(0|=

e

2 wl
pl L Az B et~ 6 a0t 217
Fal cT uT

8
-=I><1_8E‘|>< d.Sszlﬂ . 39.478 _ £ 7.103x10° x6.24x10" <217 ;
10" i 137 = 4.59 =10
4.59 4.59

107" <6.58 =10 - 6.27=10° = p, =

z

©107% = 2641 =107,
fat 8

Let wus consider the Uranian-atom with Z=92. Then the ionization work for the last electron is
W, =13.6% 2" =13.6x92° =1.56 x10°eV (cf. [9]).

Therefore,
91|eze,|(c_T+d;rzﬂ e’ —1
137 | p” e | ot

E@n|= + ®6.24 % 10" ——— =
|E0) 529" %100 137%4.59%10° ufl
T T T
—17%10°5 (16410 + 6.27 x10° ) x 6 24 x10° < :ﬂ_?xlo'ﬂxl_adxmﬂxs.zamn“EF ;1:17_39“0'7‘? =
i u "

x6.24x 10" :1_7,<10-as[ 15910 39.478 ] o1

T _ Tr_ -] . . ; )
or 17.39x107 - I 1.56%10° = ¢ lzwismxmm which is satisfied for u1=28.

ul o 17.39x10

.

Then & ;1=5_1E‘|x10’° . To estimate the radius, we use inequalities
A
& &
L7107 d'ngzm y 9478 — [#6.24%10% % 5.16x 10" <1,56 % 10° zwg 2.8510% - 6272 10° <=
e 137 % 4.59% 10 2

2204210 " = 4x10 " m

The Obtained Inequality Applied to the Helium-Atom
We recall assumption @, =@, =@, and w=4.1x10". Then T'=27/w=1.53x10".

The ionization work for transition from neutral atom to positive atom with a single charge is 24.4 eV, (cf. [9], [10]). Then

2 T
Bl | AT T, cf x| 1 g o4x10" <244eV;
137 137¢T  p)° | pyy — pudl 137| a0 — P | £eT
39.478
2 5G=107 | 137=x4.59=107° . i
EOET"5 450x10®  450x10° 12566 | 1030107 x6.24x107

+ + +
520° =107 |p, —p [* 137|py — oy

159x10° 0091 }ﬁ

=82.44= 107" | 00627 «10° = 0. 16 = 10" + -+
|Pm —P‘aa| 13?|Pm_19:n|

=244

378.39x10°" 7.5 :|..,13 lg+3"i'839x1(]'3“ 7.5x10"

=:lO"*{S.lEBx10“+13.19>-:10"'+ —+ —+
oo = ou|” | P = P o= ol P —pPw

or

P :
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11.21) 0, — oy = 7.5%107 | p,y — po| 37839107 2 0;

75x107 +4J7.5 102 £ 4x11.21x3.7839x 102

|Pm _pzal_ 99 42

_T5x10M£107 %13 #2107 %13
22.42 22.42
Therefore, |p,,— p,,|=5.79x10" m.

=107 % 5.79.

Similar estimations are valid for |E, ()| @, # @y but @, ~a; .
We want to mention some interesting similar results with different methods [12]-[18].

Conclusion
The interval values of the energy obtained here contain discrete values from quantum mechanics.

We notice that 2.64x10" <3.05x10™"

< 374107

radius, that is, there is a stronger attraction between the nuclei.

75x10™ £107°56.25x 10" +169.67 _

2242

«5.27x10" m. It follows that an atom with more positive charges can have smaller

Let us calculate the wavelenth 4= for the first Lyman series. Indeed, it is known that (cf. [10])

£ =4p; ﬂz

=f/2v,=v/B= o, =m /8.

The difference between the energies of the first and second stationary states is
LBl e’
C

E,(I)—Ez(r‘}=edzf [ﬂﬂ Blon ]d’s eﬂj‘ [Cﬁ’ Bi'e, ]d‘s<e 2’ _llc[

29”—1 B
[C[ 32;;

=2.56x10% ‘]9_9?[
u

\101

67131 ¢ @’
=€y vy 7+ el
ao 320137p° 137°¢

4.1° x10%
137 % 3x 10"

29}9“’1

o

3x10°
2 =t
137x5.297 =10

.
]zeﬁ «(1.9304x 10 + 7.44x10) = &
"

x 1.9344 % 107",
e

The wavelength for the first Lyman series is 2=1.22x10" m. In view of our result the following question arises: to find the value for
{eﬂf . 1};r e such that

A=<=

23.54
t is easy to verify that if we choose uT =23.54 one obtains 2

view of T=27/w=1.53x10" we take u=

_ 6.62x107 x3x10°
v E-E ((eﬂ—1]1;:)x10-”x1.9344 el -1 T

c he uT 1.026x10™

23.54

23.54
1.53%107"

e’ -1
F(uT) = AE, = E,~ E, =
uT

= =1.22x107 <

x Tx 107" % 1.9344 : (27;23.54) - (E,,.; E,..) -

I'_l
=7.103x10°.
uT

~1 ~ 7.103 x 108. Therefore, in

~1.54x10" . Since uT e (27:23.54) then

Let us recall that we must choose g > @—= uT > @l =2x . The condition 4 = provides the convergence of successive approxima-
tions (cf. [2], [4]).
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