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Abstract

In this study we concluded the Euler- Lagrange equations on(M>,¢.En,g), The Three-Dimensional almost Kenmotsu mani-
folds, have been derived also important applications of Euler-Lagrange mechanical systems. Finally achieved that Three-Di-
mensional almost Kenmotsu manifolds have this system in Mechanics and Physical Fields as well as in differential geometry.
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Introduction
The geometric study of dynamical systems is an important chap-
ter of contemporary mathematics due to its applications in Me-

chanics, Theoretical Physics.

There are also a large number of studies on this subject, for ex-
ample Jun, J and Pathak submitted On Kenmotsu manifolds [1].
and De, U.C. and Pathak obtained on 3-dimensional Kenmotsu
manifolds [2].

It is some important work for examples [3-7]. In this paper we
will study Kenmotsu manifolds

In this paper, we Euler-Lagrange Equations on Three-Dimen-
sional almost Kenmotsu manifolds. After Introduction in Sec-
tion 1, we consider Historical Background paper basic. Section
2 deals with the study preliminary. Section 3 is devoted to study
3. three — dimensional Almost Kenmotsu manifolds. Section 4 is
devoted to study . Euler-Lagrange Equations on Three-Dimen-
sional almost Kenmotsu manifolds

Preliminary

In this in this preliminary chapter, we recall basic definitions,
results and formulas which we shall use in the subsequent chap-
ters of the paper.
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Definition (Kenmotsu Manifolds)

Let M*(2n+1) be a (2n+1)-dimensional smooth differentiable
manifold (¢.§,1,g) be an almost contact Riemannian manifold.
where is a(1-1) tenser field 1 is a 1- form and the Riemannian
metric .It well known that

p(E)=0
n(p(x)) =0 and (&) =1
X)) = —X +n(X)¢ ¢ = —1+n®E

9X,8) =n(X)

g(px,dy) = g, y) = nCIn(y)
rank ¢ =n—1

The fundamental 2- form of an almost contact metric manifolds
is defined by

d(x,y)=g(x,0y)

Lemma 2.2 [2] If ©,0 and k-form be respectively then

e dord06=-d06"do

e d=dod=0

o d(o™y)=doMN+N(-1)Mk dyte

Lemma 2.3 [2] Suppose (U,x _1,...,x n) is a chart on a mani-
fold. Then

ady o (1 ,i=j

(ﬁ)_ai _{u JiE]
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Three — Dimensional Almost Kenmotsu Manifolds
Definition 3.1 Let. (M"3,4.£m,g) be a 3-dimensional almost
Kenmotsu manifold. In what follows, we denote by L=R(.,§)&
,h=1/2 L& and h =h¢ , where L denotes the Lie differentiation
and R is the Riemannian curvature tensor. From Dileo and Pa-
store [6, 8]. we see that both h and h0 are symmetric operators
and we recall some properties of almost Kenmotsu manifolds as
follows:

hE=1E=0 , trh=tr(h)=0

ho =¢h =0
VE=h+id—ned

Proposition 3.2 Any 3-dimensional almost Kenmotsu manifold
is Kenmotsu if and only if h vanishes.

Definition3.3
Let three-dimensional manifold M=f(x,y,z) R"3,z#0 ; where
(x,y,z) are the standard coordinates in R*3: The vector fields

d d d

— ey =

dz

are linearly independent at each point of M: Let g be the Rie-
mannian metric defined by

gle,.e; )= gleye, )=glee,)=0

gle,.e) = gleye,) = gleye,) = 1

Letn be the 1-form defined by n(Z) = g(Z,e 3) for any Z[IX(M).

Proposition 3.4

Let ¢ be the (1,1) tensor field defined by
o(e, )=-¢ 2

o(e, )=e_1

o(e; )=0

Then using the linearity of ¢ and g we have
nle_3)=1;¢(@)=-Z+nZ)e3 ;
8BZ,9W)=g(Z; W)-n(Z)n(W);

for any Z,W ¢(M): Thus for e 3=&, (¢,&,n,g) defines an almost
contact metric structure on M: Now, by direct computations we
obtain

[e.e, 150 [e,el=-e, ,[e,e, ]=-€l
Proposition 3.5
The vector fields
d d d
61=£, ez=a—y, 33=E

If ¢ is defined a complex manifoldMthen ¢2=¢pp=-1
Proof.

d’(e1) = d(o(e1)) = d(—e2) = —p(e2) = —ey
¢°(e2) =9(d(ez)) =d(ey) =€) =—
Ascan ¢2 is-1 (complex ) or 0
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Euler-Lagrange Equations on Three-Dimensional Almost
Kenmotsu Manifolds
In this section, we shall obtain the version Euler-Lagrange equa-
tions for classical mechanics structured with Three-Dimensional
almost Kenmotsu manifolds introduced in Let semispray be a
vector field as follows

_0. 9, 0
=Ty T

By Liouville vector field on Three-Dimensional almost Kenmot-
su manifolds space form (M"3,¢.£,1,g), we call the vector field
determined by V=¢§ and calculated by

050+ 73y 250) = (3) 90 5) + 0 3)

Denote T by the kinetic energy and P by the potential energy

of mechanics system on Three-Dimensional almost Kenmotsu

manifolds. Then we write by L=T-P Lagrangian function and by
=V (L)-L

the energy function associated L. Operator i_J defined by
ip:2 M31 M3

is called the interior product with ¢, or sometimes the insertion
operator, or contraction by ¢.The exterior vertical derivationd ¢
is defined by

d ¢=[i ¢,d]=1 ¢ d-di ¢

where d is the usual exterior derivation? For almost product
structure ¢ determined by the closed Three-Dimensional almost
Kenmotsu manifolds form is the closed 2-form given by ¢ L =
-dd_¢ L such that

4 = d N d
¢ xay yax
L ( d 4 B)L 8L+ dL
=T\ ey Vet T ey TV ax
Thus we get
L aL
b, = d(drtvL)— d(_x%‘l'}’a)
2Lr:lr:l XEZLEIEI \’EZLEIXEI \’EZL d ZEZLEIXEIZ
b= a xAdx 4 aﬁyy}\y Ady ayady}\y poEm A
, &L

Because of the closed Three-Dimensional almost Kenmotsu
manifolds form ¢ L on Three-Dimensional almost Kenmotsu
manifolds space form (M”3,$.§,n,g) is para-symplectic struc-

ture, one may obtain
E X oL + YaL L
LoTay T ax
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Considering (0,1) we calculate
oL
dE, = (XBL +Y— )

dy = dx
d 2Lr:l ﬁzLd Xazr:l Y— r:l L 2r:l dazr:l
£ = xiyay—axi y 4 s V-5 dx ax&zx o y
dL
—d
Byy

Taking care ofi £¢ L =dE L, we have
L L #L . dL L L aL . dL

:{deiywdxi ayad a—d 'xmdy”mdy”ﬁdy‘a_ydy
=10

aLy @ a a L aLy @ d a dL
ﬁy( aydct gt L dx) = —(x dywydyqzﬁdy)q@dpu

iy 1)t ot (¥ 42ty + Sy =0

¥ ax ! "
Ly a a dy dL Ly a a
[@(KﬁiyEiza) a dx 4 [ax(xa lY@lﬂE)ia—yldy=U

If the curve a I R — M"3 be integral curve of &,

d 6 a ﬁ
a=—=X—+y—+Z—
at ﬂx yﬁy ﬂz

which satisfies
[aaL BI_.] [BEL aL

sty ax| ™ |Eax ay]dy_”

it follows equations
d oL dL d oL 9L

atay ox dtox dy

so-called Euler-Lagrange equations whose solutions are the
paths of the semispray & on Three-Dimensional almost Kenmot-
su manifolds space form (M"3,¢.§,n,g). Finally, one may say
that the triple (M”3,¢.£,1,g) is mechanical system on Three-Di-
mensional almost Kenmotsu manifolds (M”3,¢.,n,g) Therefore
we say
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